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I. INTRODUCTION

Computer programs for the new E-field solution for a conducting

‘."..‘.- 4'

surface of revolution are described and listed in this report. The new

b
4
b

E-field solution was introduced in [l]. It is assumed that the reader
is familiar with [1]. The conducting surface of revolution is called S.
The surface S may be either open or closed. Neither fins nor wires are
attached to S. If S is open, then S is assumed to be bounded by at most
two contours, one at the beginning of the generating curve of S, and one
at the end of the generating curve of S.

{1, Eq. (86)] can be rewritten as

> > : '_:
ZnIn = Vn , n=20, %1, *¥2,.,, (1 ;
where ﬁ
i . &
7T zme ,?
n n 4
™
= 2 )y
Z, (2) g
2 e
— .
™
n
>
1= (3)
1e
L. nJ
v
n
>
v, = (4)
>e s
V“J :
Equation (1) is called the moment equation, Zn is called the moment matrix, i
and Vn is called the excitation vector. The subroutine ZMAT of Section II ;@
.
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calculates the elements of Zn for n = M1, Ml+1l, M1+2,...M2 where M1l and
M2 are non-negative integers and M2 > Ml. The subroutine ZMAT calls the
function BLOG of Section III. The subroutine PLANE of Section IV calcu-
lates the elements of V# for n = M1, M1+1, M1+2,...M2, The subroutines
< DECOMP and SOLVE of Section V solve (1) for fn' The subroutines ZMAT and
PLANE are similar to the subroutines listed on pages 51-55 and 61-62 of [2].
W The subprograms BLOG, DECOMP, and SOLVE are exactly the same as in [2].

The main program of Section VI calls the subroutines ZMAT, PLANE,
DECOMP, and SOLVE in order to calculate the surface density of electric cur-

rent and electric charge induced on S by a plane wave that propagates along

the z axis. The z axis is the axis about which the generating curve of S
is rotated. Such a plane wave is called an axially incident plane Qave.
For an axially incident plane wave, it suffices to solve (1) only for n=l.
Because the subroutines ZMAT and PLANE are designed for n = M1, Ml+l,

M1+2,...M2, these subroutines are more general than the main program of

Section VI.

In {1, Figs. 1,2, and 3], the new E-field solution for the current
and charge on a small circular disk is compared with Bouwkamp's power
series solution [3]. 1In Section VII, Bouwkamp's power series solution for
the surface density of electric current on a conducting circular disk of
unit radius excited by an axially incident plane wave is converted to mksc
units [4, p. 1] for a disk of arbitrary radius a. The electric charge on
the disk is extracted from this electric current. A computer program which
calculates this current and charge is described and listed in Section VII.

In [1, Figs. 4,5, and 6], the new E-field solution for the current

and charge on a small sphere is compared with the Mie series solution
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(4, Eq. (6-103)]1, {5] for the surface density of electric current and

electric charge on a conducting sphere excited by a plane wave. A

computer program which calculates the Mie series solution for the cur-

.
E
[
:.

b,

rent and charge is described and listed in Section VIII.

I1. THE SUBROUTINE ZMAT

The subroutine ZMAT calculates the elements of Zn of (2).
For n = 0, the expansion functions are given by [1, Eqs. (91)-(92)]

and the testing functions are given by [1, Eqs. (93)-(94)] so that

N\
mm _ 6o
Z0 = Z0 /
em _ _t¢
Zo =2
) (5)
gme _ Z¢t /
0 0o
L]
Zee - Ztt :

0 q_/j

where the elements of the matrices on the right-hand sides of (5) are given

by [2, Eqs. (9)-(12)]. Tt is evident from [2, Eqs. (10)-(11)] that all the g
.-':

elements of Zg¢ and th are zero. Therefore, for n = 0, (2) reduces to ﬁ
X

zgm 0 i

2o = (6) |

ee ;

0 %} ;

For n # 0, the expansion functions are given by [1, Eqs. (100)-(101)] é

and the testing functions are given by [1, Eqs. (102)-(103)] so that f
mm, _ . tt to, to _ oty o0 T
@035 = Ea iyt oy @)y % 3410 541 T %nePh V15 T %ai®ng Pn V1 ;'
P'.::

+ %) %t %) 5

+
%1%, 5+1 %0 21,941 ¥ %, 141 %0 V141,53 T %, 141%3 @ D141, 4

-,r-. s, e
. L




oo
= %, 141%, 541 @n V141,341 7)
em _ ot ol] _ o)
(Zn )1j = kpi((Zn )ij + ocnj(Zn )ij an’jH(Zn )i,j+1) (8)
me _ td ol 1)
o)y =k (E 55 - s @55 * % 141 %0 Vi, g) 9
ee _,2 lo)
@, )ij =k oioj(zn )ij (10)
where the Zn's on the right-hand sides of (7)-(10) are given by [2,
Egqs. (9)-(12)] and anj is given by [1, Eq. (99)].
jo.
=
0Lnj nAj (11)

All the subscripts j in (11) coincide with each other, but the j which

multiplies p

k|
[2, Eqs. (9)-(12)] that
B . B
St 20 gt
-n -n n
25 o8 g0t
. “-n -n . n
Equations (7)-(12) imply that
7 Tm gme Zmm
-n -n n
5 &m z€€ _7&"
L -n -n . n

—zt®
n

400

n

-

on the right-hand side of (11) is v-=1.

Therefore, it suffices to calculate the elements of

non-negative values of n.

It is evident from

(12)

13

Zn of (2) only for

v
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o New matrices {Z_, n=0, %1, #2,...} are defined by
. ee
= A Z9 0
& Zy = (14)
Ei 0 BZy"
; Z =Bz ,mn=tl, 12,... (15)
N where
~ S § -2
i B = (2 kAl) (16)
i: Later, it will become evident that the scale factor B prevents the f
ﬁﬁ magnitudes of the elements of {in, n=20,1,2,...} from becoming exces- Q;
b .
a sively small as k approaches zero. Knowledge of the elements of i
{in, n=0,1,2,...} is equivalent to knowledge of the elements of ji
' %
{Zn’ n=0, *1, #2,...} of (2). -]
The subroutine ZMAT (M1,M2 ,NP ,NPHI,NT,RH,ZH,X,A,XT,AT,Z2) is listed :?
at the end of this section.. The subroutine ZMAT puts the elements of in j
of (14) and (15) in Z((n-M1)*N*N+1) through Z((n-M1+1)*N*N) for n = M1, =
N
M1+1,M1+2,...M2 where Ml and M2 are non-negative integers and M2 > Ml. 4
Here, = 2%NP -~ 3 an
X
Storage of Zn is by columns. Z is the only input argument. The rest of ]
the arguments are input arguments and have the same meanings as in the ﬁ
subroutine ZMAT listed in [2, pp. 51-55]. NP is the number of data points "]
on the generating curve of S. RH and ZH contain the coordinates of the ;t
data points in electrical length. :j
:
- ".q
RH(J) = kO(tJ) s J=1,2,...NP (18) w3
«4
g
ZH(J) = kz(t}) , J=1,2,...NP '19) —1

Here, k is the propagation constant, z is the coordinate along :-ue axis

; .
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about which the generating curve of S is rotated, and p is the distance
from this axis. Also, (t}) denotes evaluation at the Jth data point.
NPHI is n¢ in the Gaussian quadrature formulas [2, Eqs. (64)-(66)]. X ,

(n

)
2 ¢ of [2, Eq. (70)], and A contains the

contains the “¢ abscissas x
n
. ( ¢)
¢ )
quadrature formulas [2, Eqs. (62)~(63)]. XT contains the n, abscissas
(n) (n.)
X in [2, Eqs. (62)-(63)], and AT contains the n, weights Ags
[2, Eqs. (62)~(63)]. The subroutine ZMAT calls the function BLOG which

weights A in [2, Eqs. (64)-(66)]. NT is n in the Gaussian

b4 in

is listed in the next Section.

Minimum allocations in the subroutine ZMAT are given by

COMPLEX Z (M3*N*N), G4AM3), G5A(M3), G6A(M3),

G4B(M3), G5B(M3), G6B(M3), GA(NPHI), GB(NPHI)

DIMENSION RH(NP), ZH(NP), X(NPHI), A(NPHI),

XT(NT), AT(NT), RS(NP-1), ZS(NP-1), D(NP-1),

DR(NP-1), DZ(NP-1), DM(NP-1), C2(NPHI),
C3(NPHI), R2(NT), Z2(NT), C4(M3*NPHI), C5(M3*NPHI),

C6 (M3*NPHI), Z7(NT), R7(NT), Z8(NT), R8(NT)

where N is given by (17) and

M3 =M2 -Ml +1 (20)
In view of (5), (14) becomes

tt ) _
= Z, 0 ;
:-:’ A = 1 |
o Z0 (21) 'i
o ¢ :
X 0 BZO J :%

AN

tt

0 and Zg¢ are given by [2, Eqs. (9) and (12)].

where the ijth elements of Z

- s e e P Ceoe s T L L . [ T T T e et S -
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In {2, Egs. (9) and (12)], the region of integration for which .

.: < < £ 7
t t < tp+l

o
I

< b (22)
Ve - -
. < t' <
R tq <t'< tq+lJ ®
-4
;ﬂ is called qu. The ranges of values of the subscripts p and q on qu are ﬁ
given by :
1<p<ep-l I 4
3
(23) 4
1<gq<p-1 J -
where, as in [2], P is the number of data points on the generating curve éi
of S. From {2, Eq. (48)], the contributions to the elements of th due to "
A are
Pq
ree ik2a_a -
.., = (G._ sinv_sinv_+ G, cos v_cos v ) + i
0 "ij 8 5a p q 7a P q .
.‘]
1% g a, 3
8 (G5b sin vp sin vq + G7b cos vp cos vq) - o
'Y
_1yPra-i-j j 2
-1 > G_/.a (24) &w
0,..|
&
where i is either p-1 or p and j is either gq-~1 or q but neither i nor j :
-~
can be 0 or P-1. The asterisk on the left-hand side of (24) denotes
*
that (Z(t)t)ij is not all of (th)ij but only the contribution due to qu. 1
According to [2, Eq. (51)], the contribution to the elements of Bzg¢ due "
— s
- to A is
- Pq
. P % esz A A sin v :
& ) s
5 . oo
. Equation (25) means that qu contributes only to B(Z0 )pq and gives all :
Ol o
o oo
o f B(z . x
2 of B(Z, )pq -
T 5
p— ‘1
. 5
- 3 o e e e i A e bt e e . . FEEPRRRA




8
Substitution of (2) into (15) gives
mm me
) BZn BZn
Zn = , N=1,2,3,... (26)
em ee
Bz an
where the ijth elements of ng, Zsm, Z:e, and Z:e are given by (7), (8),
(9), and 10, respectively. The contributions to the elements of Bz:m due
to A are
Pq
*mm *tt xtd *ot oo
z = B((Z - Z + -
B, )p-l,q-l B, )p-l,q~l Oan( n )p-l,q 0an(zn )p,q-l 0tnpclnq(zﬂ )pq)
27)
*mm *tt *td ot ol
Z = Z - Z - Z +
Bz, )p,q-l B, )p,q-l anq( n “pq Ome( n )p,q-l 0ano‘nq(zn -)pq) (28)
BE™) . =B((EY) o (259 va &% 4o o @™ ) o)
n ‘p-1,q n “p-l,q nqg " n “p-l,q np - n pq np ng 0 “pq
*mm et *td kot ol
Z = YA + o Z - Z - Q Z
B, = B+ G -a GO -a e @0 ) (30)

The asterisks above the Zn's in (27)-(30) denote the contributions due to

qu. The contributions to the elements of BZ:m due to qu are

BGE" ~a_ (2% ) (31)

) = Bko_((2%%)
-1 p "n 'p,q-1 nq n “pq

P»q

*em - %t ¢¢
B(Zn )pq Bkop((Zn )pq + unq(zn )pq) (32)

The contributions to the elements of Bz:e due to qu are

X*me = *td ¢

BN _1,q = Beo (&N ) o+ o @) ) (33)
kme,  _ kth, o0

BEN®) o = Bko (D) = o (22%) ) (34)
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The asterisks above the Zn's in (31)-(34) denote the contributions due ;
!! to qu. As concerns Z:e, qu contributes only to the pqth element of j
~ '
o Zse and gives all of this element. 1
o~
e 2 ¢

B(z%®) = Bk z 35

! @ )pq B pppq( n )pq (35)

In (23), the subscripts p and q on qu run from 1 to P-1., However,
i=1,2,...P-2 on the testing function W . of [1, Eq. (102)], and j=1,2,...P-2
on the expansion function g:j of [1, Eq. (100)]. Therefore, some of (27)-
(34) must be deleted when p is either 1 or P-1 or when q is either 1 or P-1.

If p=1, then (27),(29), and (33) are to be deleted. If p = P-1, then (28),

(30),and (34) are to be deleted. If q=1, then (27), (28), and (31) are to

be deleted. If q = P-1, then (29), (30), and (32) are to be deleted.

The Zn's on the right-hand sides of (27)-(35) are given by (2, Egs. ;j
(19)-(22)]1. If [2, Eqs. (19)-(22)] are substituted into (27)-(34), then, ?
thanks to (11) and the formulas ;

P (t) %

4 - P - - ¥

ac ptt) 5 »oty Sttt (36) 7

%

P (t)

—d—' = .._P_.._.. - = .-:

it Tp_l(t) Ap » B S ESE L 37) g

the last G, term in {2, Eq. (19)] and the G, terms in [2, Eqs. (20)-(22)) ?j

cancel each other. These terms are the electric scalar potential terms.

o e
aa'a’ala

Te oo,

The remaining terms in [2, Eqs. (19)-(22)] are the magnetic vector potential

H“

terms. Therefore, [2, Egs. (19)-(22)] reduce (27)-(34) to .f

-

1i .
p—t
b
py
p

P e e e Ve S . . SN
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*mm - acdtt _ atd agt 8¢9
B p1,q-1 Bz, )p-l,q-l 0an(zn )p-l,q+anp(zn )p,a-1 7 %np%nq ¥n )pq)
(38)
*mm - atrt _ aco _ adt a4
B(Zn )p,q-l B((Zn )p,q-l 0‘nq(zn )pq O‘np(zn )p,q-1+°‘np°‘nq(zn )pq) (39)
%mm _ ac/dtt atp agt 2¢¢
Bz, )p-l,q Bl )p—l,q+anq(zn )p-l,q+anp(zn )pq+anpanq(zn )pq) (40)
Xmm - att atd _ adt _ ade
B(Zn )pq B((Zn )pq+anq(2n )pq anp(Zn )pq anpanq(Zn )pq) (41)
*em - adt _ aod
B(Zn )p,q_1 Bkop((Zn )p,q-l anq(Zn )pq) (42)
BEE™ = Bko (%Y +a (% ) S @3)
n ‘pq P n ‘pq nq n “pq
*me - atd 200
B(Zn )p-l,q Bkoq((Zn )p—l,q + anp(Zn )pq) (44)
Xme aco a¢¢
= Rk -
B(Zn )pq 8 pq((Zn )pq anp(Zn )pq) (45)
where the %n's are the magnetic vector potential contributions to the Zn's
of [2, Eqs. (19)-(22)]. Equation (35) remains unchanged.
ee - Ll o¢
B(Z_ )pq Bk ppoq(zn )pq (46)
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As extracted from [2, Eqs. (19)-(22)], the Zn's on the right-hand

gides of (38)-(46) are

t t
att P ae [T a2 ') (Gesin v sin v' + '
(Zn )ij = j ) dt ) dt' k Ti(t)Tj(t ) ( gsin v sin v G7cos v cos v')
t 47
p tq (47)
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11 P
:1
t t -
@t L[ e o [T aerade 1" Gstn v (48) &
n’pi T "o ) A ° % 6°'" A
t t e
P q '
atd 1 tp-i-l t:q+1 , . 2, "‘
(Zn )iq =5 ) dt J_ dt Pq(t Y(k“p Ti(t) G6sin v) (49) -4
q .
t_ t
ptl q+l
g0t =_1_J P J Cp ey (koo
Z )pq oo | dt p(t:) ) dt q(t ) (k"pp" Gc) (50) 4
Pai t .
P q
o -
. tp+l .
Z¢¢ - _J__. j d P J ] P L 2 [} - 2 F
@ )pq oo ) t p(t:) dt q(t ) (k"pp' Gg - n°G,) (51) p
Pat t_ A
P q
?1
where i is either p-1 or p and j is either q-1 or q, but neither i mor j _
can be 0 or P-1. '
¥
1f the approximations that led from [2, Egs. (19)-(22)] to [2, Egs. ";
-
(48)-(51)] are applied to (47)-(51), then (47)-(50) reduce to the vector o
potential terms in [2, Eqs. (48)-(51)] and (51) reduces to [2, Eq. (51)]. -
7
"\
Hence, L
aee jK2A_A
= i -+ + [
(Zn )ij ___P_As (G5851n vpsin Vq G7acos vpcos vq) o
L
(-1)93 512 oba
8 (G sin vpsin vq + G7bcos vpcos vq) (52)
a0t K2A_A sin v o
= - (—P 49 __9q -1)9° -
@, )pj ( A ) (G, + (-1)7 "6¢.) (53) ?
acs sz A sin v A sinv
(Z ) = ( A ) (G6a + —S"‘——Q‘Z‘)q G6b) (54)
v

e RN ST - L. T TR - - -
LRI R T : P R L S N WA VA Sy Sy L —




.....................

i 12 %
;:' -
~ -
- 204 K22 A A sin v =
1 @ = D e, + —‘1—-—‘12% Ggp) (55) L
; A nh 5
: 0y - 200y _ .. qy [p s
£ 2 Vpq = @ Nq= 23 G50 (52 Ggy (56) :
b . q P —
s,1

where i is either p-1 or p and j is either g-1 or q, but neither i nor j o

can be 0 or P-1. ;f

The developments that have occurred from (21) to (56) are summarized 'S

4

as follows. It was shown that 20 is given by (21) where the contributions :ﬁ

to the elements of th due to qu are given by (24) and the elements of Bzg¢ X

are given by (25). Equation (26) was established for in' The contributions
to the matrix elements on the right-hand side of (26) due to qu are given
by (38)-(46). The Zn's on the right-hand sides of (38)-(46) are giQen
by (52)-(56).

The subroutine ZMAT is similar to the subroutine described and listed

in [2, pp. 43-55]). Hence, it suffices to point out statements that differ

from those in the subroutine listed in [2, pp. 51-55]. In the listing of
ZMAT at the end of this Section, line 53 puts B of (16) in RD.

The index JQ of DO loop 15 obtains the subscript q on qu of (22).
This q appears on the right-hand sides of (24)-(25), (38)-(46), and (52)-(56).

With reference to (44) and (45), line 59 puts kaq in RQ. The index IP of

DO loop 16 obtains the subscript p which appears on the right-hand sides

of (24)-(25), (38)-(46), and (52)-(56). With reference to (42) and (43), {?
line 81 puts kap in RP. Line 260 puts Bkzpppq of (46) in RPQ. ;E
Inside DO loop 31, the elements of 2n are obtained for :ES

n=M-1+M (57)
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o where M is the index of DO loop 31. Table 1 describes the action of -

. ﬂ

some statements in DO loop 31. The statement whose line number is given {:

in the third column of Table 1 stores the text quantity of the second f&

columm in the variable in ZMAT listed in the first column. Integers -ﬁ

{xM, M=1,2,...8} are defined by lines 272-279. Lines 317-343 set Z(KM) fj

a

equal to VM for M=4,6, and 8, and add VM to Z(KM) for M=1,2,3,5, and 7. ;?

The branch statements among lines 317-343 prevent alteration of Z(KM) :3

at the forbidden values of p and q in [2, Table 2 on p. 50]. o
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i::}: Table 1. Variables in ZMAT versus text quantities
! .
Variable Line -
P in ZMAT Text Quantity Number i
T FM n 262 =
P H5A G 263 .
5a ]
' H>B €51, 264
H4A G 265 ]
h 7a :"‘
H4B G, 266 j'
- u7 4 sz A (G_ sin v sin v + G, cos v cos v ) 267 i
o 8 P q b5a p q 7a p q [
us J8- k?'ApAq (GSbsin vpsin A + G, cos v, cos vq) 268
att :":
U5 @55y qq of 6D 269 3
U6 @Y, of (52) 270 o
n ’iq v,
a¢¢ i
vo By of (55 271 E
i 3
u7 5 G7a 281 :
ktt i,:
v g5 1 gy OF (28) 282 s
v2 ) of (24) 283
0 "p,q-1 B
krt -
f (24 284
V3 @, )p-l,q of (24) \:1
ket
V4 (Z0 )pq of (24) 285 .
zke+T) | 8(z%%)  of (25) 290 -]
0 "pq R
)
2 e
H6A Gea 92 'j
29 :-?1
H6B Gep 3
%
k.




Lo

]
Continuation of Table 1 i:'.*
ag -
t -
u7 (zg )p.qo1 OF (53 294 g
t :{'4
U8 (%n Yo Of (53) 295 2
at¢g "
uc (4 )iq of (54) 296 =
"y ;
Al 20 297 ]
P ;
nA .
FMD -3 298 ;4
2p L
a 3
AP o 299 o
np -
A 300 .
Q anq 74
a¢’¢ b Lo
UD Gnq (Zn )pq 301 | 1
ot 3¢ ' E
v Z - Z 302
5 ( n )p,q-l %a ( n )pq »
sot 206 £
v6 @) o+ g @ 303 F
agt ago e
- 7 304 .
v7 %p @a )p,a-1 ~ %nptng P Ypa R
apt 200 b
+ 7 305
v8 %p %o Vpq * %npPng “n Vpa i
at¢ 306
v1 i £ (38) 307 %
Bn Vp-1,0-1 ° ¥
*mm .
8
v2 BEZID, (. of (39 30
*mm
30 o
v3 B(Z )p_l,q of (40) 9 ,
*mm ~"j
A B(Zn )pq of (41) 310 =
i
-
[
_T
3

q
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L
R
B
o
r.
b

Continuation of Tahle 1

*em
V5 B(Zn )p,q-l of (42) 311

*em
vé YA f (43 312
B( N )pq of (43)

a¢d
D Z 313
v %np Zn )pq

*me

v7 B(Z_7) of (44) 314

n p"l’q

*me
V8 B(Z f (45 315
( n )pq of (45)

ee
Z (K8+MT) B(Zn )pq of (46) 316
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LISTING OF THE SUBROUTINE ZMAY 17

THE SUBROUTINE ZMAT CALLS THE FUNCTION 8LOG
SUBROUT INE ZMAT (N1 s M2 NP NPHIeNTsRHeZHs Xo A XT3 AT Z)
COMPLEX Z(1600)e0L1eU24U3,Uq,US5,U6eU7+sURUAUBsGAA(10)sGSA(10)
COMPLEX CMPLXsGOA(10)+G4B(10)1GS8(10)+G6B{10)HAALHSALHBAHAB HSB
COMPLEX H6B,UCsUDGA(48):GBl(AB) s AP AQeV1oV2eVIeVAE,VS5,V6E,VT7,VB,VO
DIMENSION RH(A43) +sZH(43) o X(A4B)eAL4B) XT{103,ATI10)sREL42)425(42)
DIMENSION D(42),0R(42)DZC(42),DM(42)+C2(a88)+C3{48)R2(10),22(10)
DIMENSION C41(200)+CS5(200)+CH{20032Z7(10)sR7(10)+Z8(10%.R8(190)
CT=2,
CP=,41
DO 10 I=2«NP
12=1-1
RS({I2)=.5%#(RH{I) 4RH(12))
ZS(12)=.5¢{ZH(1)¢ZH(12))
D1=e5%(RH(I)-RH(12))
D2=5*{ZH(1)-ZH(12))
D(12)=SQART(D1%D1+D2¢D2)
DR(12)=0D1
DZ(12)=0D2
OM(I2)=D(12)/RS(12)
10 CONTINUE
M3=Np2-M1+1]
Ma=M1~1]
PL2=1.570796
DC 11 K=} ¢ NPHI
PH=P] 2% (X(K)#+1,)
C2(K)=PH*PH
SN=SIN(.S*PH)
C3(K)}=4 +8SNESN
Al=PI2%A(K)
D4=¢5%A1X*C3(K)
0S=A1%COS(PH)
D6=A1 *SIN(PH)
MS=K
OC 29 M=1,M3
PHM= (M4 +M)xPH
A2=CCS{(PHM)
C4(M5)=DAa%A2
CS(MS)=DS*A2

1o

S FTURATIIG U TR

AR

29
11

C6(MS )=DE*SIN(PHM)
MS=MSeNPHI
CONTINUE
CONTINUE

MP=NP=1

MT=MP=1

N=MT+MP

N2K=MT*N

N2=NeN

Ul={0eeeS)
U22(0es2e)
JNa=1=N
RD=1./(D(192D(1))
DO 15 JQ=1MP
KQ=2

IF(JO«EQel) KxQ=1
IF(JO.€CQeMP) KQ=3
Ri=RS(JQ)

RO=Ri *RO
Z1=25¢(JQ)
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01=D( JQ)

D2=DR(J0Q}

03=02(JC)

D4=D2/R1

0S=0M( JQ)

Sv=02/D1

Cv=D3/01

T6=CT*D1

Y62=T6+D1

T62=T622T62

RE=CP*R ]

R62=R6%R6

0G 12 L=1,NT
R2(L)I=R14D02¢XT(L)
Z2(L)=214+D38XT(L)
CCNTINUE

U3=02*y1

va=D3IsU1

DO 16 1P=1,MP
R3I=RSCIP)

RP=R3A*RD

23=2S(1P)

R4=R1-R3

Z24=21-23
FM=R4asSVeZasCyY
PHM=ABS(FM)
PH=ABS(R4SCV~-248SY)
DE=PH

IF{PHMLE.D1) GO TO 26
D6=FHM=-D1]
DO6=SART(D6H*D6+PHEPH)
IF(IP.EQeJC) GC TC 27
Kp=1

IF(T6 +GTeD6) KP=2
IF(R6.,GT.D6) KP=3

GO 70 28

KP=4

GG TO (A1:82:481,42)eKP
DO 40 L=14NT

D7=R2(L )-R3
D8=22(L)~-2Z3
Z7(L)=D7¢D7¢08%D8
R7(LI=R3IS*R2(L)
28(L)=e25%27(L)
RB(L)=+25%R7(L)
CONTINUE
Z8=R4%R4+24%24
Re=R3I*R1

RS=¢5*R3%SY

D0 33 K=]1,NPHI
A1=C3(K)

RR=ZA+RASAL

UA=0.

ue=0.

IF(RR L T.,T62) GO TO 34
DO 35S L=1.NT
R=SCRT(Z7(L)+R7(L)2AL)
SN==SIN(F)

CS=COS(R)

UCEATCLL )/ReCHPLX(CSySN)
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-~ 121
L 122
- 124

. 125
W 126
o127

M

Lo 128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
188
156
157
158
159
160
161
162
163
168
165
166
167
168
169
170
171
172
173
174
178
176
177
1760
179
180

35

34

37

38
39

36

33

46

45

UA=UA+UC

uB=xT(L )*UCe+yB

CCNTINUE

GO 70 36

DO 37 L=1eNT
R=SCRT(Z8(L)*RBI(LI*AL)
SN==SIN(R)

CS=COS(R)

UC=AT(L )/RESNECMPLX{(~SN,CS)
UVA=UA+UC

UB=XT(L )*UC+UB

CCNTINUE

A2=FM+RSEAL

DO9=RR=A2¢A2

R=ABS(A2)

07=R-0D1

De=Re¢D1

D6=SQRT(D8%D8+09)
R=SCRTY{(D7*%D7+D9)
IF(D7«GE0.) GO TO 38
ALl=ALCG((DB#+DS)*(~-D7+R)/7D9)/D1
GQ Y0 39
Al1=ALOG((DB¢D6)/(D7+R) )} /01
VA=Al ¢UA
UB=A2%(4./({D6#R)~-A1)/D14UB
GA(K)=UA

GB(Kk)=uB

CONTINUE

‘Ki=0

DO 45 M=1.M3
HaA=0.

HS5A=0.

H6A=0.

HaB=0,

HS8=0.

H68=0.

D0 46 K=1 NPHMI
Ki=Kl+}
D6=C4(K1)
D7=CS5(K1)
DB8=C6 (K1)
UVA=GA(K)
ue=GB(K)
HOAZDE6EBUASHAA
HSA=D72UA+HSA
HEA=D8SUA+HOEA
HaB=D62UB+H4B
HSB=D7+UB+HS58
H6B=D8¢*UB+H6B
CONTINUE
GAA(MI=HAA
GSA(M)T=HSA
GEA(MI=HOA
GAB(M)=HAB
GSB(MI=HS58
G6B(M)=n68
CCNTINUVE
IF(KPeNEeA) GO TO 47
A2=D1/7(PI2*RY)
06=2,/01
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o101 08=0.
182 00 63 K=1,NPHI
183 A1=R4*C2(K)
184 R=RA4%xC3(K)
183 IF(R.LT.T62) GO TO 64
186 D7=0.
187 DO 65 L=1,NT
188 D7=D7+AT(L)/SCRT(Z7(L)I+AL1)
189 65 CCNYINUE
190 GO YO 66
191 64 ALI=A2/1X(K)#*1,)
192 D7=D62ALOG{AL1+SAQRT{1,¢+A1%AL))
[~ 193 66 D8=DB+A(K)I*D?
. 194 63 CONTINUE
b 195 Al=¢53A2
. 196 A2=1./A1
E 197 DB=-PI12%D8#2./R1*(BLOG(A2) +A2¢BLOG(AL1))
4 198 DO 67 M=1,M3
L 199 GSAIM)I=DB+GSAIM)
- 209 67 CONTINUE
- 201 GC YO A7
202 41 DO 25 N=1,M3
203 GAA(M)=0.
274 GSA(M)=0.
20S G6A(M)=0.
206 GaB(M)=0.
207 GSB(M)=0.
208 GGE(M)=0,
209 25 CONTINUE
210 DO 13 L=1,NT
211 A1=R2(L)
212 RA4=A1-R3
213 24=22(L)~-23
214 Z4=RA4SRI+ZA4AS28 &ﬁ
21% RA=R3*A} _-1
216 DO 17 K=1sNPHI )
217 R=SCRT{ Z4#R4%C3(K)) 0
218 SN==-SIN(R) o
219 CS=CGS(R) s
220 GA(K)=CMPLX(CSesSN)/R ;?
221 17 CONTINUE r.
¢ 222 06=0. o
fi 223 IF(R62.LE.Z4) GO TO S1
- 224 DO 62 K=1¢NPHI
L. 225 D6=D6+4A(K)/SCRT{ 24+R4%C2(K)) S
- 226 62 CONTINUE e
*‘ 227 24=3,141593/SORT(24/R4) -
= 228 D6==P [24D6+ALOG( Z4+SORT(1.¢24%24) ) /SORT(RS)
b~ 229  S1 Al=AT(L)
. 230 A2=XT(LD#AL
>f 231 K1=0 -
. 232 DO 30 M=1.M3 ,
-.! 233 uUs=0. =
; 234 U6=0, :
L. 238 U?=0.
- 236 DO 32 K=1 NPHI
. 237 UA=GA(K)
» 238 Ki=K1¢1 !;
239 US=Ca (K1 )SsUA+US

240 U6=CS(K1)*UA+US




241
242
243
244
245
246
247
248
249
250
251
252
253
254
25S
2SE
257
258
259
260
261
262
263
264
265
266
267
268
269
270
27
272
273
274
27S
276
277
278
279
280
281
282
283
284
283
286
287
208
289
290
291
292
293
298
299%
296
297
298
299
300

el

32

30
13
47
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U?T=C6 (K1) &UA+U?
CONTINUE

U6=D6+UG
GAA(M)=AL1B%US+GAA(M)
GS5A(M)=AL*UG+GSA (M)
G6A{M)I=ALESUTHGOHA(M)
GAB(MYI=A28US+GAB (M)
GSB(M;=A2%U6+G5B(M)
G6B(M)=A2+2UT+G6B(NM)
CONTINVE

CONTINVE

Al1=CRLIP)

UA=AL *U3
UB=DZ(1P) VS
A2=D(1IP)

D6=-A2%D2

D7=0D1¢A1l

D8=D1 %A2

JM=UN

RPQ=R1*RP

DO 31 M=]1,M3
FM=MN§ +M

HSA=GSA (M)
HSB=G58(M)
H4A=GAA (M) +HSA
HaB=G4B{(M) ¢+HSB8
U7=UASHSA+UBEHAA
UB=UA*HSB+UBSHAB
Us=u7-us

u6=U7+uUs8

V9=U2%DB* (HSA+D4EHSB)
Ki=IP+JM

K2=K1 ¢}

K3=K]1 +N

KA4=K2¢N

KS=K2 +MT

K6=K4 +MT

K7=K3+N2N

K8=K4 ¢+N2N
IF(FMeNEeOe) GO TO 14
U7==U1%HEA
Vi=us+u?

v2=US5-U7

v3=U6-U7

va=yu6+u?

vS5=0.

v6=0,

vV7=0e

va=0,

Z{KB8+NT )=RD*VY

GC TGO 43

HOA=GOA (M)

H6E8=GEB (M)
U7=D6%(H6A-HGB)
Ve=D6x{ H6A+H6B8)
UC=D7¢(H6A+D4*HG8)
Al=FMsDM(IP)

FMO=F M*DS
AP=1,/A18%U1
AGC=(1./FMD) UL
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UD=AQ*V9
VvS§=u7-UD
v6=U8+uUD
VI=APSVYS
VB8=APRVSE
UO=AQ*UC
V1=RD*(US-UD+V7)
V2=RO*(US-UD-V7)
Vv3=RD$(U6+UD+V8)
V4=RD*(U64+UD-V8)
VS=RPEVS
VE=RP%VE
UD=APS&V9

V7=RC* (UC+UD)
vVEe=RA*{UC-UD)

Z(KB8+MT )=RPQ* (VIO—-A1 *FMD*H4A*U2)

GC TO (18520,19) +kQ
ZIK6)=V6

IF(IP.EQ.1) GO TO 21
Z2(K3)=Z{(K3) +Vv3
ZEK7)=Z(K7)+V?
IF(IP.EQsMP) GO TO 22
Z(K4a)=Va

Z(K8)=va

GO YO 22
Z(K5)=Z{(KS) +VS
IF(1P<EQ.1) GO TC 23
Z(K1)=Z2(K1l)eV]
ZAK7)I=Z(K7)+V?

IF(IP .EQ.MP) GC 7O 22
Z(K2)=Z(K2)+V2
2(KE)=VS8

G0 10 22
ZI(KS)I=Z(KS)+VS
Z{K6)=V6

IF(IP+sEQ.1) GO TC 24
Z(K1)=Z(K1)+V1
Z(K3)=Z{K3)+V3
ZAK?I=Z(KT)*V7

IF(IP cEQeMP) GO TO 22

» ZAK2)=Z(K2) +V2

ZEKa)=Vs
Z{Kg)=vs8
JN=JME+NZ
CONTINUE
CONTINUE
JN=JN+N
CONTINUE
RETURN
END
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: III. THE FUNCTION BLOG L

. The function BLOG(x) calculates log(x +Vy1 + x2) for x > 0.

The method of calculation is described in [2, p. 56]. ’_J

001C LISTING OF THE FUNCTION 8LOG
I~ 002 FUNCTION BLOG(X)
3 003 IF(XeGTeal) GO TO 1
004 X2=X#X
5 005 BLOG={( «075¢X2~.1666667)%X2+1.) X
B 006 RETURN
% 007 1 BLOG=ALOG{X+SGRT(1e#X$X))
X 008 RETURN
i 009 END
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IV. THE SUBROUTINE PLANE

The subroutine PLANE calculates the elements of Vn of (4). Accord-
ing to [1, Eqs. (61) and (62)], the ith elements of the column vectors V:

and Vﬁ on the right-hand side of (4) are given by

m _ 1 . pinc
A JJ W+ E s (58)
S
e kpl e inc
Vni = —n— JJ E‘ni * E ds (59)
S

Expressions (58) and (59) are calculated for E}nc equal to the O-polari.ed
plane wave electric field Ee given by

_jkt o£

0 g; kn e (60)

E:

and also for E}nc equal to the ¢-polarized plane wave electric field

gd

EV given by
—jk [ ] £
£ - ugkne (61)
In (60) and (61),
Et = - k(gxsin Ot + u cos Gt) (62)
t . -
Yg = uy cos Ut - u sin bt (63)
ub =y (64)
% -~y

where 6 1is the angle of incidence and where u , u and u_ are unit vectors
t =’ -y -2
in the x,y, and z directions, respectively. Also, r is the radius vector

from the origin. The origin must lie on the axis about which the generating
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curve of S is rotated because this axis is the z axis. The electric fields

(60) and (61) are the same as [2, Eqs. (108) and (109)].

1f 32 due to EQ is called V:e and if Vﬁ due to E? is called
V:e, then, according to (58) and (59), the ith elements of Vﬁe and Vﬁe are
given by
v . L U P £ (65)
ni n -ni =
S
kp.
ved - & ” W, . Efds (66)
ni n —ni =

If V: due to EQ is called V:¢ and if Vﬁ due to E? is called V§¢, then

the ith elements of V:¢ and V§¢ are given by

m$ _ 1 . wd
S H W+ E'ds (67)
S
kp.
ed _ i e ¢
Vni = Jj Hni Evds (68)

. e .
For n=0, the testing functions Egi and kpiEOi are given by

[1, Eqs. (93) and (94)]. Hence,

W= o)
0i wOi (69)
e t
kpiwci = wCi (70)
t )
where wOi and wOi are defined by [2, Eqs. (4) and (5)}. Thanks to (69)

and (70), each V i defined by (65)-(68) is equal to one of the V. .'s de~

0 0i
fined by [2, Eqs. (113), (114), (116), and (117)). More precisely,
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mb6 _  ¢06 2

Yoi = Vo1 ]

4

e _ _tb :

Yoi = Voi p

(71) 7

mo _ ¢d -

Vo1 = Voi 4

ep _ ,to -

Yot = Voi ;

where the V's on the right-hand side of (71) are given by [2, Eqs. (113), i

(114), (116), and (117)]. 1it is evident from [2, Eqs. (114) and (116)] : ]

that

$6 _ ]

Vo1 =0 7 -

’ (72) -

th _ J -

VOi =0 8

As a result of (71) and (72), ;i

B -1
- 2mb _ "
»:7 Vo - osl -]
- (73) B
»_.- +e¢ J -
L - = :
X Vg =0 2

e
iEni are given by [1, Eqs, (102) and (103)]. 3

Thanks to [1, Eq. (103)], (66) and (68) become

For n # 0, W",. and kp
Tl

Y

M
e _ 0
Vni - kpivni k (74)

eb _ . 00 | =
Vai = kPsVni _} (75) )
<Y
¢6 ¢ e
. k-
where vni and Vni are given by [2, Eqs. (114) and (117)]. Instead of -
(65) and (67), [1, Eq. (68)] is used to obtain Vzg and V:i. The inci- f}
dent magnetic field Einc appears in [1, Eq. (68)]. The incident mag- i;
.
netic field associated with the 6-polarized electric field §9 of (60) 11
is called g? and is given by ;L
}q
b

A e i tatitaln! e Ll alaiaie Jtatatata 4 el
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_jk . £ :

59=_5;ke‘t (76) "%

The incident magnetic field associated with the ¢-polarized electric -]
field E? of (61) is called B? and is given by ]
4

-jk_ e r -

¢ _ t =t -

H Yg k e 7 ]

6 inc , f?

Substitution of [1, Eq. (105)] for uy and H for H in [1, Eq. (68)] .
gives i
md _ _k -jng .6 | i

Vni = - jj Ti(t) e (H n)ds (78) 3

¢ inc , g?

Substitution of [1, Eq. (105)]} for u, and H' for H in [1, Eq. (68)] “ d
gives :§
v .k “ T, (t) e %w® - n)ds (79) 3

ni n i — - F

S ok

If ds is replaced by pd¢ dt, (78) and (79) become ~é
i, s

t m + 4

i+2

mé _ _k S -jng I

Vni = " J- dt pTi(t) J dd)(ﬂ g)e (80) -N

ts = i;

- . }]

i+2 3

mp _ _k ¢, yo—ind i

Vi=" % J_ dt p T, (t) J dé(H' * n)e (81) r !

t. -7 o

i -

The radius vector r that appears in expressions (76) and (77) for f?

ﬂ? and _? is given by a
-

r = gxp cos ¢ + gyp sin ¢ + gzz (82) ;

From (62) and (82), we obtain é,
-jkt e r = jk(p sin etcos $ + z cos Gc) (83) :1

Q;
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The unit normal vector n that appears in (80) and (81) is given by
n =u cos Vv cos ¢ + gycos v sin ¢ - gzsin v (84)
Equations (76), (64), (84), and (83) lead to
0 jk(p sin Gtcos ¢ + z cos et)
H *n=-kcosvsinde (85)

Similarly, (77), (63), (84), and (83) lead to

¢ jk(p sin Btcos ¢ + z cos 8)
H" en = k(cos Gtcos v cos ¢ + sin 6, sin v)e (86)
Now, E?‘.Q of (85) is odd in ¢ so that V:g of (80) is even in n. Moreover,
ﬂ? en of (86) is even in ¢ so that V:? of (81) is odd in n. Because Vig
of [2, Eq. (114)] is odd in n, VE? of (74) is odd in n. Because Vﬁ? of [2,
Eq. (117)] is even in n, Vﬁ? of (75) is even in n. Hence,
- - r -
oo g o gt
-n -n n n
= N n=1,2,o-- (87)
vee 6e¢ _ve@ ve¢
-n -n n n

Therefore, it suffices to calculate the elements of the Vn's in (87) only
for positive values of n.

Matrices 9“ are defined by

F+e9 ]
V0 0
VO = (88)
Imo
_0 BVO |
ymo - gmd
n n
Vo=8 , no= £, 2, (89)
Uee ve¢
n n

E"qk' Ly T .

PRI SO O WY )

. T T T
,.,'?1. e T ]
RO DR AL,
Aadeads.

BURLL A FEPLRR A

ks
LR N

AT

’- K "{ ."."'<'-' ...I.-"v .

N

Ll g T . . " - - - a i LT PO S GH VAT UL WU WL GG W WA .
Ta i te el Te e e e Ao PP S SR P A P . Aeede, S




29
where B is given by (16). In view of (6) and (73), the matrices 2n of
(14)-(15) and Gn of (88)-(89) allow (1) to be rewritten as

ZnIn = Vn s, 1n =0, %, +2,..,, (90)
where
[ 2e i
I0 0
I, = (91)
0 e
o o -
-mb Tm¢
n n
in = , no= 31, $2,... (92)
fee Te¢
L n n |
In (91) and (92), T™ is " due to (&°,8), To° s I° due to &°,1%), T

is T: due to (g?,g?), and Tﬁ¢ is T: due to (g?,g?).

The subroutine PLANE (M1,M2,NF,NP,NT,RH,ZH,XT,AT,THR,R) is listed
at the end of this section. The subroutine PLANE puts the elements of G-n
of (88) and (89) in R((K-1)*M3%2*N + (n-M1)*2*N+1) through R((K-1)*M3*2*N +

(n-M1+1)*2*N) for

et = THR(K) (93)
Here

N = 2*NP-3 (94)
and M3 = M2 - M1+l (95)

Also, n = M1, M1+1, M1+2...M2 where M1 and M2 are non-negative integers
and M2 > Ml. Furthermore, K = 1,2,...NF. Storage of G_H in R is by

columns. R is the only output argument. The rest of the arguments are
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input arguments and have the same meanings as in the subroutine PLANE
listed in [2, pp. 61-62]. NP is the number of data points on the gener-
ating curve of S. RH and ZH are defined by (18) and (19). NT is n,. in

the Gaussian quadrature formulas [2, Eqs. (132) and (133)]. XT contains the

(n.)
n, abscissas x, in [2, Eqs. (132)-(135)], and AT contains the n, weights

(n)
AQnT in [2, Eqs. (132) and (133)]. THR is in radians.

Minimum allocations in the subroutine PLANE are given by

COMPLEX R(NF*M3%2%N), FA(M2+3), FB(M2+3), FC(M2+3)
DIMENSION RH(NP), ZH(NP), XT(NT), AT(NT), THR(NF),

CS(NF), SN(NF), R2(NT), Z2(NT)

where N and M3 are given by (94) and (95), respectively.

Thanks to (71), the ith elements of the colunmvectorsvge and BV'(';¢
in (88) are given by
e§ _ _td
Voi = Voi (96)
mé _ .0¢
BVy: = BVoi 97)
to oo
where VOi and VOi are given by [2, Eqs. (113) and (117)]. If the con-
e . . - -
tribution to VOi of (96) due to the integration from tp to tp+l is called
*
vgg, then, from [2, Eq. (124)],
ke _ jm kApsin v, cos 6, G-y - ﬂkApcos vpsixxet -
01i 4 1a -la 2 Oa
jtkA sin v _cos mkA cos v _sin 6
Pl —e Pt _p )-—P Bty
4 1b -1b 2 0b
(98)

where i is either p-1 or p, but i is neither O nor P-1. Here, P is the

number of data points on the generating curve of S. The integration from
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- - mé ¢ =
tp to tp+1 contributes to BVOi of (97) only for i = p and gives all of
ngz. From [2, Eq. (127)], we obtain
mé JBTkA A sin v
Bop = T2 ((Fra = Fopa) 2, (Fip = Foip)) (99)
Consider the elements of szeand 66:¢ on the right-hand side of
(89). In view of the integral formula
moo, s
,=n j(k p sin Stcos ¢ + nd)
Jn(kc)51n Ot) = %;— J e d¢ (100)
~T
for the Bessel function Jn deduced from [6, Eq. (9.1.21)], substitution
of (85) into (80) gives
n_ 2 t;+2 jkz cos O
mh By Tk t
BV 1 " J'- dtpT (t) cos v (J_., + J e (101)
t,
i
where
Jn = Jn(kp sin et) (102)
Similarly, substitution of (86) into (81) gives
o
md B.n+1nk2 i+2
BVni = - -J——;r——- ) dt pTi(t) (cos v cos et(Jn+1 - Jn—l)
i
jkzcos et
- 2 j sin v sin etJn) e (103)
The contribution to vag due to the integration from t_ to t_
ni P pt+l
*
is called BVE?. The contribution to BVZ? due to the integration from
" to t7., is called BV"C. N
tp to tp+1 s calle ani' ow,
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5 -4
% :
A "
I ‘_d
1 2
E. v= Vp (104a) 1:
5 i
. S
: p=p_ + (t-t_ ) sinv (104b) N
p P P - - i;-..
t <t<t

p— — ptl .
z=2z_ + (t-t_ ) cos v (104¢) o
P P P
. 2(t-t) s
T (6) = 2 1+ ((DPTT ——P] i=p-1,p oaa) V]

P .

where vp, pp, zp, and tp are, respectively, the values of v, p, 2z, and t ;
midway between t; and t;+1. Substitution of (104) into (101) and (103) |ﬁ5
v
gives :‘_.;j
*m0 BjnﬂkZApppcos vy Apsin v ;ii
ani - T 4n (Fn+1,a + Fn—l,a + 20 (Fn+1,b + Fn-l,b)) - ifj
S
2 * i:'«
(-l)p-iBjnﬂk QEPPCOSAXR Apsin v A
4n (Fn+1,b+Fn~1,b + 2pp (Fn+1,c+Fn—1,c)) (105) ;fﬁ
3

n+l 2 . !V
g3 mk"A_p_cos v _cos A sin v ks

-0 = PP P Lo -F + 2—P (F -F )) + L
ni 4n n+l,¢ n-1,a ZDP n+l,b n-1,b T
Bjn nsz p_sin v_sin O A sin v ;EZ

ER Bt +-P__Pfp )+ .-

: 2n na 2p nb e
: P n'.i'q
. Bjn+1ﬂk2A P cos v _cos B A sin v ;;1
3 4n n+l,b n-1,b 20 ntl,c n-1,c ‘vq
H P b _
¥ o
f Bjnﬂkzépopsin vpsin Ot A sinv jlf}
5 Zn Fop 20 Fac)) (106) e
y >
[~ .
- -
3 o
fi ®
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where
t .
2 p+l jkz cos Gt
Fma = ZT-J Jm(kgds1n Gt) e dt (107a)
P -
P
9 2 p+l jkz cos Gt
Fmb = (A ) J (t—tp) Jm(k{)31n Gt) e dt (107b)
p e~
t_ .
2 3 p+1 2 ' jkz cos et
ch = (Z_) J (t—tp) Jm(k(381n 6t) e dt (107¢)
P £
P
In (107), m = n-1,n,n+l. Also, P and z are given by (104b) and (104c).
*
Thanks to (87), expressions (105) and (106) can be viewed as BVTgi and
*m¢
Bv—ni’ respectively.
Evaluation of (107) by means of an n. point Gaussian quadrature
formula yields
F = n% A(nT) J (k B,sin 6)) eszQ o8 et (108a)
ma 2= L m 2 t
T () (n) jk&, cos 6
F.o= ) A, T x, U J (k psin8.) e © t (108b)
mb 2=1 9, ') m g t
T o) () jkZ, cos 6
_ T/ 2 A . ) t
F o Q,Zl Ay (x, )" J (k Bysin 8) e (108¢)
where, as in [2, Egs. (134) and (135)],
(nT)
A Apr
OQ = Qp + -‘——‘2—"—— sin Vp (109)
(nT)
Apxl
zy = zp + — cos vp (110)
(n.) (n.)

The abscissas Xy and weights A, T in (108)-(110) are the same as in

(2, Eqs. (132)-(135)].
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Thanks to (74) and (75), the elements of the column vectors BV:G
and BV:¢ on the right-hand side of (89) are given by
e _ $6
ani = kai Vni (111)
ed _ oo
BVni = kai Vni (112)
where Vi? and Vi? are given by [2, Egqs. (114) and (117)]. The integration

- - ] $6 ‘e . $0
from tp to tp+1 contributes to Vni only for i=p and gives all of Vnp' Upon

replacement of 1 by p in (111) and substitution of [2, Eq. (125)] for Vig,
the negative of (111) becomes
B'nwsz p cos C A sin v
eb J o) t n

_anp = o 3 (F

ml,a"n-1,a " T 2 b Farp) @13

where Fma and Fmb are given by (108a) and (108b). Similarly, substitution

of [2, Eq. (127)] into (112) yields

n+l_ 2

ed B3" "mkA o Apsin \
=— PP _ p _
BVnp 2 (Fn+1,a Fn-l,a + 2pp (Fn+1,b Fn-l,b)) (114)

Thanks to (87), expressions (113) and (114) can be viewed as Bstp and

BVfﬁp, respectively.

In the subroutine PLANE, the elements of ¥ of (88) are calculated

0
by means of (98) and (99), and the elements of Gn of (89) are calculated for

negative values of n by means of (105), (106), (113), and (114). The index
IP of DO loop 12 obtains p in (98), (99), (105), (106), (113), and (114).

DO loop 13 puts ks of (109) and kZ

> D, of (110) in R2(L) and Z2(L), respec-

A
tively, for ¢ = L. The index K of DO loop 14 obtains the Kth angle of

incidence et of (93).
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The index L of DO loop 15 obtains £ in (108). Lines 57-82 calcu-

late S and BJ(m+2) so that

BJ (m+2) = S*Jm(kf)2 sin Ot), m = MI1-1,M1, ... M2+41 (115)
m# -1
The calculation of BJ(m+2) and S is described in [2, p. 59]. As the in-

dex L of DO loop 15 changes, line 88 accumulates Fma of (108a) in FA(m+2),
line 89 accumulates Fmb of (108b) in FB(m+2), and line 90 accumulates ch

of (108¢c) in FC(m+2). 1If F » and F_. are needed, lines 94-96 use

~1a’ Fo1b lc

the formulas

F—la =T Fla :

- _F ; (116)

-1b 1b

F—lc - Flc‘~}

. F-lb’ and F—lc in FA(1), FB(l), and FC(l) respectively.

to store F
-1a

In DO loop 27, (98) and (99) are obtained if M is 2. If M is greater

than 2, then (105), (106), (113), and (114) are obtained for n=M-2. If M is

-

2, then R(K1), R(K2), R(K2+MT), R(K4), R(K5), and R(K5tMT) are reserved for

$e6 §e6 0, 0, 0, and va¢ respectivel If M is greater than 2, the
0,p_1’ Op, ’ t] L] Op’ p y' g - a b ] n
mo6

%
R(K1), R(K2), R(K2+MT), R(K4), R(K5), and R(K54+MT) are reserved for BVn p-1°

5

DR T
st R G e
A 3 O O B PR PO PP R

A

*mo ed _ *md
anp9 BV pa an’p_

_ ,*m¢> ,e(b , . .
n . ﬁvnp, and B\np’ respectively. Table 2 describes the

1
action of some statements in DO loop 27. The statement whose line number is

3

! given in the third column of Table 2 stores tne text quantity of the second L

[ column in the variable in PLANE listed in the first column.
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Table 2. Variables in PLANE versus text quantities.

Variatle Text Quantity Line
in PLANE Number
FlA Fn+l,a - Fn-l,a 101
F1B Fn+1,b - Fn—l,b 102
UB "y 103
jmkA sin v cos Gt
uc P 7’ P 108
kA cos v _sin Gt
Us - P 5 P 109
jﬂkApsin v cos O Wképcos YE?in Gt
U2 A (Fla-F_la) - 5 FOa 110
jnkApsin v_cos 0 nkApcos vpsin Bt
U3 : (F1-F_1p) - 5 Fop 111
md
L(K5+MT) evop 115
F2A Fatl,a * Fn-l,a 117
F2B Fn+1,b Fn-l,b 118
F2C Fatloe ¥ Focl,e 119
F1C Fn+l,c - Fn—l,c 120
.n
uc 1T 121
n
Bjnwsz p_cos v
Us - PP P 122
4n
Bjnﬂszpppcos vE A sin v
- B N +
u2 i Ftl,a*Fn-1,a * 2, o1, no1,0 0] 123
Bjnnszpopcos vR Apsin v
us - e Fotl, b To-1,0 * 2 Fot1,c Foo1,0)) | 128
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us

uc

U4

us

R(K2+MT)

R(KS5+MT)

Bi™mk%A p sin v _sin 6
PP p t
2n

Bjn+1“k2A P cos v_cos B
pp b

4n

t

Bjn+lﬂk2A 0 cos v cos 9
PP p t,

4n \Fn+l,a-Fn—1,a

83"mk2A p sin v sin 6
P p P

(¢ +-EB—-—— Py

2n na

+1 .2
Bi" kA p cos v cos B
) p’p p t

n For1, b Fa-1,p F

A sin v

Bjnvsz p_sin v_sin O
PP P t (F +

2n nb 20

P

eb
-anp

ed
anp

A sin v

+

F

2
pP

A sin v

2
pP

nc
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Foe1,bFa-1,60

(F ))H

n+l,c-Fn-l,c

125

126

127

128

129

130
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:? 001C LISTING OF THE SUBROUTINE PLANE
v, 002 SUBRQUT INE PLANE(ML eM2 s NF NP AT ¢RHs ZH XT 4 AT THRLR)
. 003 COMPLEX R(24C)eUsUl JUALUBJUC,FAL10)sFBl10)FCU10)F2A,F2B,F2CF1A

004 CONFLEX FlB8,F1CU2,U34U8,US,CMPLX
DIMENSION RH(A43) sZH(A43) ¢ XT(10)eAT(10)eTHR(3)sCS(3)eSN{(3),R2(10)
OIMENSION 22(10) .8J(50)
007 MP=NP~1
008 MT=MP~]
009 N=NT+MP
N2=2%N
D0 11 K=1eNF
X=THR(K)
CS(K)=COS(X)
SA(K)=SIN(X)
11 CONTINUE
U=(0esle)
U1=341415938UseM]
M3I=M1¢1
MA=M2+3
IF{M] cEQ.0) M3I=2
MS=Mi¢+2
M6=M2+¢2
DO 12 IP=1.MP
Ka2=1p
I=1P+1
DR=«S*(RH{T)-RH( IP))
DZ=e5%#(ZH{1)=ZH( IP))
D1=SQRT(DR®*DRe¢DZ*D2Z)
IF(IPL,EQel) RO=1.7(01%D1)
RI=«S*(RH(IL)ERHLIP))
DR3I=DR*R3I*RD
R1=e5%R3
08==DZ*R1#*RD
DIR=01%RD
D6=R3*DIR
Z1=eS*(ZHI 1)+ ZH(IP))
OR=,5S*%DR
02=DR/R1
DC 13 L=1,NT
R2(L)I=R1+DREXT(L)
Z2(L)=Z214+024XT(L)
13 CONTINVE
DO 14 K=1,NF
CC=CS(K)
S$S=SN(K)
D3=0OR*CC
04=~-D2¢SS
07==-D6#CC
DS=-DE%CC
DS=DR3*SS
DO 23 M=M3,M4
FA{M)=0,
FBI{M)=0.,
FC({M)=0.
23 CGNT]INUE
DG 15 L=1,,NT
X=SStR2(L)
IF{XsGTeaaSE~7) GO TO 19
D0 20 M=M3 M4
B8J(M)=0.
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061
062
063
v 066
> 06S
l 066
. 067
<~ 068
L 069
- 070
V. 071
B o
s 073
.. 07e
L 0TS
076
o077
ove
079
080
081
082
083
I o08a
- 088
086
. 087
. 088

4 089
l 090
L. 091

L’ 092
093
" 098
095
096
097
098
099
100
101
102
103
10s
105
106
107
108
109
110
111
112
113
116
11s
116
- 117
118
#0119
™ 120

SR B X NIOR, (4 MM

20

19

16

17
28
18

25
15

26

28

- AT

CCNTINUE
BJt(2)=1,

S=1.

GO 7O 18
M=28¢X¢+14,~2¢/X

IF(XelTeeS) M=11.84AL0OG10{(X)

IF (Ml TeM3) M=M4
BJI(M)=0.

JN=M=-1

BJlJM)=1,

DO, 16 J=4,M
J2=JM

JM= JM—1

Ji=JM~1

BJlIMI=JL1/7X*BItI2)~-BI(IM$+2)

CONTINUE

S=0.

IF(M.LE.4) GO TO 24
DC 17 JU=4¢Me2
$=S48J4(J)

CONTINUE
$=BJ(2)¢2.*S
ARG=2Z2(L)*CC

39

UA=AT(L )/S*CMPLX(COS(ARG) s SIN(ARG))

UE=XT (L )*UA

UC=xT(L)I®*UB

DO 25 M=M3,M4
FA(M)=BJ(M)SUA+FAIM) 121
FBI(M)=BJI(M)BUB+FE(M) 122
FCIM)=BJ(M)BUC+FC(M) 123

CCNTINUE 124
CONTINUE 125
IF (M1 eNE.O) GO TC 26 126
FA(1)==FA(3) 127
FB(1)==FE(3) 128
FC(1)=~FCl3) 129
VA=UL 120
DO 27 M=MS.M6 131
NT=N¥=-1 132
Maz=M+ ] 133
FLA=FA{MB)~FA(M?7) 134
F1B=FE(M8)~-FE(M7) 135
UB=U*UA 136
K1=K2-1 137
K4a=K1 +N 138
KS=K2+N 1329
IF(MeNEL2) GO TD 28 1490
uC=D3#U8 141
US=D43UA 142

U2=UC*F LA+US*FA(M) 143
U3=UC*F 1B +USRFRA( V)
Ua=0.

US=0.

RI(K2¢NMT )=0.

21
22
27

14
12

R(KS+MT )=DIR*UB* (F1A¢D2%F18)

GC T0 29

F2A=FA(NMB)+FAIMT)
F28=FB{(N8) ¢FB(M7)
F2C=FC(MB)+FC(M7)
FIC=FC(MB)=-FCINT)

UC=(1e7(M-2) )SUA

US=CcgsucC

U2=LS*(F2A+D2*F28)
U3=US5¢(F2B*D2%F2C)

US=05%UC

UC=09*UC*yU
UA=UCR(F1ASD2SFIBI+USE(FA(MISD2%FB(M))
US=UC*(FIB+D25FI1CI+USH(FB(NM)+D2¢FC(MN))
RIK2¢MT )=D72UAS(F2A+D2sF28)
RIKS¢MT )=DEXLBR(FLA®D2¢F18)
IF(IPEQel) GO TC 21
RIK1)=R(K1)4+U2-U3
R{KA)=R(K&)+Us~-US
IF(IPEQ«MP) GO TO 22
RIK2)=U24U3

R(KS)=U4+US

K2=K24N2

VA=UB

CONTINUE

CONTINUE

CONTINUE

RE TULRN

END
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V. THE SUBROUTINES DECOMP AND SOLVE

The subroutines DECOMP(N, IPS, UL) and SOLVE(N, IPS, UL, B, X) solve
a system of N linear equations in N unknowns. The input to DECOMP consists
of N and the N by N matrix of coefficients on the left-hand side of the
matrix equation stored by columns in UL. The output from DECOMP is IPS
and UL. This output is fed into SOLVE. The rest of the input to SOLVE
consists of N and the column of coefficients on the right-hand side of the
matrix equation stored in B. SOLVE puts the solution to the matrix equa-
tion in X.
Minimum allocations are given by
COMPLEX UL (N*N)
DIMENSION SCL(N), IPS(N)
in DECOMP and by
COMPLEX UL(N%*N), B(N), X(N)
DIMENSION IPS(N)
in SOLVE.

More detail concerning DECOMP and SOLVE is on pages 46-49 of [7].
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LISTING OF THE SUBROUTINEs DECOMP AND SGLYE
SUBROUT INE DECOMP(N,IPS,UL)
COMPLEX UL(1600) +PIVOTLEM
DIMENSION SCL(40)+IPS(40)
D0 S I=1eN

IPStI)=1

RN=0.

Ji=I

DO 2 J=1eN
ULM=ABS(REAL(UL(J1)))¢+ABSLAINAGIUL(JL)))
JI=J1 ¢N

IF(RN-ULM) 1,2.2

RN=ULM

CONT INUE

SCL(1)=1e/RN

CCNTINUE

NM1=N-1

K2=0

DO 17 K=1.NM1

B8IG=0.

00 11 I=KsN

IP=IPS(1)

IPK=1P+K2

SIZE< (ABS(REALIULCIPK))I+ABS(AIMAGIULIIPK)))ISSCLLIP)
IF(SIZE-BIG) 11,11,10
BIG=SIZE

1ev=1l

CONTINVE

IF(IPV-K) 184,15+148

J=IPS(K)

IPS(K)=IPS(IPV)

tFES(IPV)=U

KPP=1PS(K)+K2

PIVOT=UL(KPP)

KF1=K+1

DO 16 I=KPl N

KR=KPP

IP=IPS(1)+K2
EmM==ULCIP)/PIVOT

UL(IP)=-EM
DO 16 J=KP1 N 061 00 1 J=1,1IM]

I1P=1PeN 062 SUM=SUMeUL(IP)*X(J)

KP=KP+N 063 1 I1Fé={P4N

UL EIP)I=ULLIP)I+EMRUL (KP) %64 2 x{1)=8(1IPB)-SUM

CONTINUE 065 K2=N*¢(N-1)
K2=K2+N 266 IP=IPS({N)eK2

CONTINUE 067 X{NI)=X{NIsULLIP)
RETURN 068 DC 4 IBACK=2eN

END 069 I=NP1=-1BACK
SUBROUTINE SOLVE(N.IPSsUL B X) 070 K2=K2=N
COMPLEX UL(1600)+B(40),X(40)sSUM OT71 (PI=IPS(I)+K2
DIMENSION (PS({40) 072 IFt=1+1
NPL1=N41 or3 SUM=0.
IP=1IPS(1) 07a 1P=IP1
X(1)=8¢(1IP) 078 DC 2 J=1IP1 N
DO 2 1=24N 076 IP=IP+N

IP=1PS(L) or? 3 SUM=SUMMUL(LIPIEX(J)

41

IPE=1IP o078 4 X(I)={x(1)-SUM)/LL(IPI)

IMi=1~1 079 RETURN
SUM=0, 089 END
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%? VI. THE MAIN PROGRAM FOR THE NEW E-FIELD SOLUTION :a

.
]l The main program for the new E-field solution uses the subroutines -

ot}
,
o

"2 Ty
]

ZMAT, PLANE, DECOMP, and SOLVE to calculate the surface density of electric

current J and electric charge q, induced on S by an axially incident plane

wave. For the surface S of revolution illuminated by the 8-polarized plane
wave (60), [1, Eq. (46)] specializes to . ]
N X
o T mé .m S _ed e "
1= 1 (L Tgydngt by key 5p an P
== =1 i=1 -
oY
where the expansion functions i:j and kpjgsj are given by [1, Eqs. (91), (92), Z?;
(100), and (101)]. According to (90), the coefficients 1:? and 123 in (117) 5
F
are the elements of the column vector Tg that satisfies ~;3
710 =% , n=o, 1, s2,... (118) =
n'n n -
i
where - " 1
Tee T
0 o
>0 e
IO = (119) if
L0 ;j
e
n o
10 - , n o= 1, £2, ... (120) P
n gy
fin .
[ "n L
and ’+e81
v .
0 )
- W = (121) i
R 0 o
= [0
- _ .
L{: o
t‘ n E_
- W n = tl, $2,... (122)
x :
= veu
- L N .
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It is evident from (15), (2), and (13) that

N>

]
™w

-
=}

L}
b
N

-
o

(123)

-n

Equations (87) and (122) imply that

-
vme

n

]
W
=]

[}

1,2,... (124)

»>ef
-V
[ 'n

In view of (123) and (124), comparison of (118) with (118) with n replaced

by -n reveals that '
—I»me
s n
I_n = ,n=1,2,... (125)
_Eee

It is assumed that the angle Gt of incidence of the plane wave is either

zero or 7 radians. Consequently, (98), (105), and (113) predict that

V:=0, n#*1 (126)

=0, n#*l (127)

N N
g= 7 ™A e o+ T 1% ke, @, - 28 ) (128)
= .z, 13Ty —14 Lo 31y —13
j=1 j=1
where IT? is the jth element of TTG and Ii? is the jth element of Tie.
. +mo »ef
According to (120), the combination of I1 and I1 is the solution

T? of (118) for n = I.
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The expansion functions in (128) are given by [1, Eqs. (100) and

t ¢ .
(101)] where gnj and Jnj are given by [1, Eqs. (82) and (83)]. As a

result, (128) reduces to

e, e

- m e
J = J k cos + J +3J k sin 129
F J=uJ, b+ uy (Tg + I 6 (129)
;é where
" P-2 T.(0) 5
r Jo=2 .Z Gjh;—o I (130)
i=1
P-2 P_ _(t) P (t)
m i+l j mb
J,o=2 ) )y 1., (131)
¢ j=1 kAj+l kA, 1j
e P-1 e
J, = 2j P,.(t) I, 132
o = 4 _Zl 50 Tpg (132)
J_
In (129), J$ is due to the magnetostatic expansion functions J?j and Jle
in (128), and J; is due to the electrostatic expansion functions gjj and

gflj in (128). Expression (131) can be rewritten as

m P-1 P, (t) mb mb
Ty =2 jzl E%;'_ Iy -1~ Iy (133)

where

m0
B0 |

(134)

- mé) -
¥ Iip1 = 9_,

'ﬂ The electric charge g is given by [1, Eq. (1)] where VS° and J
¢
;! are given by [1, Eq. (B-3)] and (129), respectively. Thus,
. _ 1 .13 . 1 3 m e .

. q, = So & ae (o th cos ¢) + 536 ((J¢ + J¢) k sin ¢)) (135)

Thanks to expressions (130)-(132) for Jes J$, and J;, (135) becomes

44
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A DO MITAROC N I -
: 45
.ﬁ = (E) os ¢ (136)

!i qe q ) c

;: where

= P-1 P(t) g

Ji 9=-2 ) g I (137)

j‘ j:l kp 1J

—vv e, BELARLIE S A T T,
. "‘{.', S 1@ o

- ,...fih
T e
. .t at. . . . s

In (136), c is the speed of light.

As a result of the development (117)-(137), J is given by (129)
where Jt’ Jg, and Jz are given by (130), (133), and (132), respectively.
q, is given by (136) where q is given by (137). The coefficientsIme

1j
Ii? in (130), (133), (132), and (137) are the jth elements of f?e and 1

and

respectively. Equation (120) gives

. +mf)
il ;
= 1 (138)
ol
1 .
. TC . e
According to (118), 1 satisfies
2,1 =0 (139)

As given by (129), J is the electric current induced on S by the §-polarized

0

plane wave electric field E° of (60) with et =0 or 6_ = 7 radians. If Gt is

t

zero, (60) reduces to

EQ = yxknesz (140)

If Bt is 17 radians, (60) reduces to
(141)

Hence, J of (129) is the electric current induced on S by the incident

electric field given by either (140) or (141).
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The main program for the new E-field solution is listed at the end
of this section. In this main program, input data are read from punched
cards according to

READ(1,15) NT, NPHI

15 FORMAT (213)

READ(1,10) (XT(K), K=1, NT)
READ(1,10) (AT(K), K=1, NT)
10 FORMAT (5E14.7)
READ(1,10) (X(K), K=1, NPHI)
READ(1,10) (A(K), K=1, NPHI)
READ(1, 16) NP, BK, THR(1)
16 FORMAT (13, 2F14.7)
READ(1,18) (RH(I), I=1, NP)
READ{(1, 18)(ZH(I), T=1, NP)

18 FORMAT (10F8.4)

NT, NPHI, XT, AT, X, and A are Gaussian quadrature data that are fed into

the subroutine ZMAT. NT is n in [2, Fqs. (62)-(63)]). The variable n

T
that appears in [2, Egs. (132)-(133)] was chosen to be equal to n . Hence,
(n )
NT can also be viewed as UL XT contains the n, abscissas xl.t in
(n))

{2, Eqs. (62)-(63)], and AT contains the n, weights A in [2, Egs.

2'
(62)-(63)]. NPHI is "y in {2, Eqs. (64)-(66)]. X contains the n¢ abscissas
(n¢) (n¢)

X, of [2, Eq. (70)], and A contains the n¢ weights AQ in [2, Egs.
(64)-(66)]. NP is the number P of data points on the generating curve of S.
P appears in {1, Eqs. (100) and (101)]. BK is the propagation constant k
in 1/meters. k appears in (140) and (141). THR(1) is the angle of inci-

dence Gt of (62)-(63) that is fed into the subroutine PLANE. THR(1l) is in

L
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47 ;

radians. THR(1) should be either zero or 7. 1f THR(1l) is zero, the ;J

incident electric field is given by (140). 1If THR(1l) is m, the incident N

electric field is given by (141). RH and ZH contain the coordinates :{

of the data points on the generating curve of S. ;;

- .4

RH(I) = p(t)), J = 1,2,...NP (142) =

ZH(T) = z(t}), J=1,2,...NP (143) “?

. i

Here, z is the coordinate along the axis about which the generating curve fi

of S is rotated, and ¢ is the distance from this axis. Also, (t}) denotes :ﬁ

evaluation at the Jth data point. Tn (142)-(143), D(t;) and z(t;) are in ;i

meters. The main program for the new E-field solution uses the subprograms Ei

ZMAT, BLOG, PLANE, DECOMP, and SOLVE of Sections 1I, ITI, IV, and V. ;E

Minimum allocations in this main program are given by gé

COMPLEX Z(N*N), R(2*N), B(N), C(N), CE(NP-1), i?

CQNP-1) ;ﬂ

DIMENSION RH(NP), ZH(NP), X(NPHI), A(NPHI), ;;

XT(NT), AT(NT), IPS(N) "

where lé

N = 2%NP-3 (144) ;ﬁ

7

With regard to (129) and (136), the main program prints Jt under the -j

heading "'T COMPONENT OF ELECTRIC CURRENT," J$ + Jg under the heading "PHI :‘i

COMPONENT OF ELECTRIC CURRENT," Jg under the heading '"MAGNETOSTATIC PART OF t;

Jp," J; under the heading "ELECTROSTATIC PART OF JP," and q under the head- |
ing "ELECTRIC CHARGE." A real part, an imaginary part, and a magnitude

are printed on each line. The jth line of printed output for Jt is the E;

1

value of Jt at the peak of Tj(t). This peak occurs at é

3
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48
t = tj+1 (145)
. . . m e m e
The jth line of printed output for each of J¢ + J¢, J¢, J¢, and q
is the value at the center of the domain of Pj(t). This center occurs
at
b=t D) (146)
2 i j+1

The sample input and output data are for the conducting circular
disk of radius 0.002 wavelengths illuminated by the incident electric
field (140). The disk is placed in the xy plane and is centered at the

origin. The factor k in (129) and (136) compensates for the factor k in

(140) so that J_, J" o+ Je, and q coincide with the variables J_, J,, and
t’ 9 ¢ t’ "¢

q used in [1, Eqs. (108) and (109)]. The printed output for |Jt| is
plotted by means of the interior x's in [1, Fig. 1]. The printed output
for IJ$ + Jgf is plotted with the x's in {1, Fig. 2]. The printed output
for |q] is plotted with the x's in [1, Fig. 3].

DO loop 28 multiplies RH(J) and ZH(J) by the propagation con-

stant k. With regard to (139), line Al puts 21 in Z. Line 44 prints

out the first column of Z.. Line 46 puts G? of (122) in R(1) through

1 1
R(N) where N is given by (l44). Line 46 also puts the column vectors

BGTT and BVET of (89) in R(N+l) through R(2*%N), but these column vectors

are not used in the main program. DO loop 22 and line 52 take advantage

of (124) to store ?2 in B(1) through B(N). Vi is needed because it

appears in (139). Lines 55 and 56 put the solutirn T? of (139) in C(1)
through C(N).

DO loop 24 prints out Jt of (130). 1Inside DO loop 27, line

e

85 puts J¢

of (132) in CE(J), line 86 puts q of (137) in CQ(J), and

L
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line 90 prints out Jg + J(‘; and J" of (133). As intermediate steps, —

¢

¢
line 79 puts 2/(kAJ) in C4, lines 80-83 put IV of (133) in C1, and 3

¢ i
line 87 puts J$ + J; in C3. 1Inside DO loop 32, line 103 prints out E.-:c.;

J; of (132) and q of (137). -
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-ISTING OF THE MAIN PROGRAM FOR THE NEW E-FIELD SOLUTION
THE SUBPROGRAMS ZNAT, BLOGe PLANEes DECOMP, AND SOLVE ARE NEEDED
JOB (XXXXeXXXY.01¢1)e®MAUTZLJCE?® JREGIAON=200K
C wATFIV
YSIN DD #
MAUTYZ ¢ TIME=S 4 PAGES=60
COMPLEX Z2(1600):R(240)4Bl40)sCLA0DYeU+C14C3,CEL20),CQ(20)
DIMENSION THR(3) sRH({43)4ZH{ 432D o X(48B)sA(48) 4 XT(20)AT(10)+IPS(40)
REAC(1+15) NT<NPHL
FCRMAT(213)
NRITE(3430) NT4NPHI
FCRMAT(® NT NPHI®*/1Xe13.15)
READ(110)(XT(K) ¢+ K=1eNT)
READ(1+10)(AT(K) oK=14NT)
SCRMAT(SE1A.7)
NRITE(3e11)({XT(K)esK=1¢NT)
BRITE(39212)(AT(K)oK=1NT)
SORNAT(® XY*/(1X+SE14e7))
TCRMAT(® AT /(1X +SEL18.T7))
READ(1+10)(X(K)K=1sNPHI)
READC(1210)(A(K) s K=1 NPHT)
YRITE(3s13)(X(K) o K=1NPHI)
SRITEC(3018)(A(K) oK=1NPHI)
SORNAT(® X*/(1Xe5E14e7))
FORMAT(® A*/(1X.SE14.7))
READ(1016) NPet)IKe THR( 1)
SCRMAY(13,2E16.7)
VRITE(3617) ANP.BKTHRI(1)
TORMAT(® NP 6Xo'BKP0 12X *THR®*/1Xe13,2FE14.7)
READ(141B8)(RH(1)el=t1 eNP)
EAD(1018)(ZHII) o 1=1 e NP)
‘ORVMAT(10FBe4)
IRITE(3+19)(RH(1)e1=1,NP)
IRITE(3+20)(ZH{TI ) o1=1NP)
"CRNMAT(® Rh*/(1X0e10FBed))
TCRMAT(* ZH*/(1X910FBes))
)0 28 J=1+NP
tHE J)=BK®RH(J)
TH J)=BK$ZH(J)
.CNTINVUE
ALL ZMAT(1 91 oNP oNPHI o NTaRHeZHe X As XT9ATe Z)
1T=NP=-2
I=28MT+1
IRITE (3+29)(2Z1J) +J=1sN)
'ORMAT(® Z2°/(1X96E1148))
'ALL PLANE( 19141 oNPoeNTRHeZHeXTcATe THReR)
G 22 J=1eMT
I(d)I=REI)D
nH=JeMY
i(J1)==R(J1)
ONTINUE
(N)==R(N)
RITE(3:23)(B(J) eJI=1eN)
CRMAT(® B*/{1X,CE11e4))
ALL DECOMP(NeIPSe2)
ALL SOLVE(N.IPSeZeB.C)
RITE(3,37)
CRMAT(®0 T CCMPONENT OF ELECTRIC CURRENT?)
RITE(3.21)
ORMAT(® REAL JT IMAG JT MAG JT*)

-’
| -

2o

R A
PRSPV O PP

BT AURTIRERRUN
e

st Al

PN

ES N

...

L - 4 a4 e Mt ta A o m.em e_a la_maam A Ao s w2 T o e T B o e e



A 51
DO 284 JS=1.MT
C1=2./RH{J+1)3C(J)
C2=CABS(C1)
WRITE(3:25) C1,C2
FORVMAT(1Xe3E11e8)
CCNTINUE
U=(0s920)
WRITE(3+26) _
26 FORMAT(®*OPHI COMPONENT OF ELECTRIC CURRENT®,7X,*MAGNETOSTATIC PART

1 OF JPe)

WRITE(3,.35)

35 FORMAT(®
1 MAG JP®)
MP=NP-1
DO 27 J=1.MP ‘J
JF=Jel
D1=RH{(JIPI=RH(J)
D2=ZH( JP)I—-ZH(J)
C4=24./SORT{D1¢D1+D2¢D2)
C1=0.
IF(JeNEol) C1=CleClJU~-1)
IFCJaNESMP) C1=C1=C(J)
Cl=Ca*C1
C3=C(J+NT) 5
CE(JI=UsC3 - o
CALII==8+/7(RHLJIPISRHLI) )I®C3

3=C1+CE(J)
C4=CABS(C3)
C2=CABS(C1)
WRITE{(3¢33) C3,C48,C1+C2
FCRMAT(1Xe3E11¢4¢2Xe3E11.4)
CONTINUE
WRITE(3.31)
31 FORMAT(%0°¢5Xe *ELECTROSTATIC PART OF JP%,15X,*ELECTRIC CHARGE®)

WRITE(3,36)

36 FORMAT(®
1 MAG Q)
DG 32 Js=l.MP
C1=CECJ) e
C2=CABS(C1) L
C€3=Ca(J) e
C4=CABS(C3)
WRITE(3e¢33) C1+4C2.C3,CH
CONTINUE o
STOP 6,
END ’.
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- REAL JT

0.22778SGE«D0

043737061E400

0.8391170E+00

0.9122344E¢00

0.5108670E+090
049639719E¢00

- 0e1761401E-
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0.0000E¢+00
0.0000E+00
00000E+CO
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0.0000E+00

Oe1885€E¢02~
D «5655E+02~
0«9425€+4+02~
O0e1319€E¢C3~
0«1636E+03-

IMAG JT

0.4060143E~-01
0.1316886E+00
0.1491720E+00
08327675E-01

THR

>~ 16 048377580E-03 0.00C0000E+00

L 040000 1.0000 2.0000 3.0000
100000 11,0000 1220000 13,0000
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- 060000 040000 06,0300 0.0000
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0.00G0E+00
0.,0000E+00
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0.0000€E+00
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C«00COE+0D
0+0000E+00
0+.0000E+00
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b 'J COMPGNENT OF ELECTRIC CURRENT

MAG JT

0.6267208E-01
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0.832767S€E-01
0+.1491730E+00
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14,0000 15,0000
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0+0000E+00
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0,0000E+00~-
0«3142€E+02~
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043S84E+00
0.1649E+400
0+9462E-01

0.0000E+00
0.002J0E+00
0.,0000E+¢00
0.,0000€E¢#00
0.0000E+00
0.0000€E¢00

06912E+C2-0,00CCE+Q0
0«1068E+03-0.0000E+00

0414456403~

0.1822€E+03

0.0000E+00

;”'075135-08 0e2116€E-01 0.2116E-01
99 7133E=08 0,2095E-01 0.,209SE-01
)0 8226E-08 0.,2069E-01 0.2069E-01
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01181945E400
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00 3052E~08=0e529CEE+03-0+4578E-04-0.2448E403~0,4578E-04-0.1347E403
~ 0e0000E+00-08246E+02 0¢61084E-04-0+5424E¢02-001526E-03-03764E¢02
.:0.30525—00—0.272IEOOZ-Ool526E°00-0-2030E+02-0ol526E-03-Oo15585002
' 00 1221E=03-001220E+02-0¢915SS5E-04—0+9734E4+01-0+3650FE+01

0.8615€-08
0.1490€E-07
0.8196E-07
0.,1229E-06
02384E-06

0.0000£¢+02
0.0000E+00
0.,0000€4+00
0.,0000€E+00
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0 +4398E+02
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Q0¢1194E403
0+1S71€4+03
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0. 8463E-08
0. 8348E-08
Oe 7887E~-08
Q0+ 7S88E-Q8
0.7201E-08
0. 6682€~-08
0.6318€E-08
0.5688E-08
O0e4960E~C8B
O0«4143E-CB
0.2985g-08

02034E-01
0.1988E-01
0«1931E-01
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0«1778E-01
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De1418E-01
0+1244E-01
0«1023E-01
0«7317E-02

0.2034E-01
0e«1988E-01
0e1931E-01
Q.1862E-01
0.1778€~-01
0+1679E-01
0«1560E€E-01
0el1418E-01
0+1244E-01
01023E-01
0«7317€-02

PHI COMPONENT QOF ELECTRIC CURRENT

REAL JP IMAG JP
=0es7A53E-08-0.2119E~01
~0s6943E-08-0.2106E-01
=0e61079E-07-0.2137E-01
—041020E~-Q07-02107E-01
=0+9356E-08~-0.,2110E-01
-Q0e 7953E-08-03+.2112E-01
—0e9114E-08-02120E-01
~0e10924E-07-0,2130£-01
-0087945-08‘0021486-°l
~0e1231E~07-0.2179E~-01
=0e1114E-07-0.2232E-01
=061310E-07-0.2326E-01
~041698E-C7-02512E~-01
<0« 1809E-07-0+2828E-01
=Je 45836E-07—0.5684E-01

MAG JP
0e2119E-01
0e2106£~-01
J«2107E-01
0.2107E-01
0.2110E-01
0.2112E-01
0.2120E-01
0.2130£-01
0.2148E-01
0«21 79€E-01
0e2232E-01
0.2326€E-01
02512E-01
0.2828E-01
045684E-01

ELECTRCSTATYIC PART OF JP

REAL JP IMAG JP
0¢5986E~10-03437E~04
=0e¢1910E~-09-063146E~03
«063801E~09=09001E~-03
-~0.1025E~08~-0.1798E-02
=0e1067E-08—~-0+43044E~02
=0e 2371 E-C8~0,4667E-02
=0¢3318E-08-0e6742E-02
=0e5552E~08~0+,9353E~-02
~0e6258E—~08-061265SE-01
~0.9266E~-08-0.168%E-01
=0esll 76E=CT7-0,22365-01
«0e1615E=~07-062993E-01
=0e2263E-07-0+,4142€-01
=De3016€E-07~-0.5884E-01
~00 876SE~07-0,1593E+00

MAG 4P
0434376~-04
Ce3146E-C3
0.90C1E-03
0.1798E-02
0e3044E~-02
0.4667E-02
06742E-02
09353E-02
0.1265€-01
0.1685€E-01
0+2236€E-01
0.2993E-01
Ceal43E-01
0 +58BAE-01
0.1593E+00

. e

MAGNETOSTATIC PARY OF JP

REAL JP IMAG JP
—-0e7513E-08-0.2116E~-01
=0e46752E-08-0,2075€-01
-~0e1041E-07-0.2017E~-01
—0.9172€-08-0,1927E~-01
=0,7889E-08-0,1806E-01
-0.5582E-08~-0.164S5E~-01
~0e5795E-08-0,1446E-01
-0,4488E-08~0641194E-01
-02536E-0£-0.8832E~-02
=063040E-08-0,49395-02

0.6128E-09
0.30S1E-08
0.5654E-~08
0.1207E-07
Q.4179E-07

0.8217E~-04
066673E~02
0«1632E-01
043056E-01
0+1024E+00

MAG JP
0.2116€-01
02075E-~01
0.201 7E-01
0.1927E-01
0.1806E-01
0.164SE-01
0.1446E~-01
0.1194E-01
08832€E-02
0.4939E-902
0.4217€E-04
06673E-02
0+.1632€-01
0.3056E-01
0.1024E¢00

ELECTRIC CHARGE

REAL QO IMAG Q@
0.8204€-01 0.,1429E-~06
02503£¢00-0,1520E-06
0«4298E¢L0~2+,181SE=-06
046133E400~0,3496E-06
0eB074E400-03891E-06
0e61013E401-0451847€-06
0.1238E%+01~-0,6073E-06
Oel1489E4+01~-0,8836E-06
01776E4+01-0.8789E~-06
0e2117E401-0,1164E-05
0+2542E401-0.1336E-05
03107E+01~-0.1677E-0S
043957€E+01-0.2161E-05
0e5203E401-0,26867E-0E
0¢1311E402-0.7215E-0S5

MAG Q
0.8204E-01
02503E+00
0.4298E+00
0.6133F¢+00
0.8074FE+00
0.1013€+01
0.1238€E+401
0.1489E4+01
01776E+01
0.211 76401
0.,2542€+01
03107E+01
0.3957€E+01
0,5203E+01
0.1311E+02
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VII. BOUWKAMP'S POWER SERIES SOLUTION FOR A CIRCULAR DISK

The known solutions for the electric current and electric charge
on a conducting circular disk excited by an axially incident plane wave
are plotted in [1, Figs. 1,2, and 3]. The known solution for the electric
current was obtained from Bouwkamp's formulas [3, Eqs. (23), (38), (39),
Table I, and Table II). Actually, Bouwkamp's formulas are for a disk of
unit radius. They had to be changed to mksc units [4, p. 1] for a disk
of radius a meters before being used. The electric charge was obtained
from the electric current via the equation of continuity. The foregoing
electric current and electric charge were calculated by means of a com-
puter program. This program is listed at the end of this section.

jwt

In the present report, e time dependence is assumed. However,

Bouwkamp uses e-lwt time dependence. His formulas can be made valid for
ert time dependence by replacing i by -j everywhere. Henceforth in the
present report, Bouwkamp's formulas will be taken not as they stand but

with i replaced by -j everywhere.

If the electric field E}nc given by

EINC =y n e ik2 (147)
- -

is incident upon a conducting circular disk of radius a meters lying in
the xy plane and centered at the origin, then the electric field integral
equation for the surface density J of electric current induced on the disk

is

u = Tk AGE) + £ U - AGD], , Tons (148)

where
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. J(k,r") jkjr-r'|
= — 1
S
The subscript tan denotes the component in the xy plane, S is the sur-
face of the disk, and ds' is the differential element of surface area at
r'. All quantities in (147)-(149) are in mksc units. We want to solve
(148) and (149) for J.
On the other hand, it is evident from [3, Sec. 2] that Bouwkamp
considers
-2 _l_ Y .
e = 3lgA @)+ 0 T A E D gy 0 Ty on Sy (150)
where |
-3k, ir,-rg
L LG, 1)) e 1171
= — ' ’
él(zl) c JJ |r —r'| ds1 (151)
-1 -1
51

He solves (150) and (151) for I. Here, r 6 and r! are dimensionless

1 1

radius vectors, k1 is the dimensionless wave number, Vl is the V operator
with respect to the coordinates of I dsi is the differential element of
surface area at gi, S1 is the surface of a disk of radius unity, and c is
the speed of light.
Substitution of
r
=3 (152)
k1 = ka (153)
into (150) and (151) gives
r a r
u = Jlka MG+ VG Al(;))]tan, ronsS (154)
where
-jk|r-a xj|
r g Lka, ry) e
) = = v
51
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In (154), V operates on the coordinates of r. Introduction of a new

radius vector r' defined by

reduces (155) to

Equations (154) and (157) can be rewritten as

w = 3k A + 1 T - A@D], > rons

where r R .
i—nl(ka, ?) e Jk|£ r |

=L '
D) = 2 ” [r-r'] as
S

Equations (158) and (159) were derived from (150) and (151) for

a disk of unit radius. However, (158) and (159) will coincide with

(148) and (149) for the disk of radius a if

4u L
J(k, r) = — I(ka, )

In (160), the radius vector r on the surface of the disk of radius a

\
s

(

‘

q

L

NP

56

(156)

(157)

(158)

(159)

(160)

is specified by the distance p from the center of the disk and the azimuthal

angle ¢ measured fromthe positive x axis. According to (160), the electric

inc

current J in mksc units induced on the disk of radius a by E of (147)

is Bouwkamp's solution I for the disk of unit radius multiplied by 47/c

with Bouwkamp's k replaced by ka and with Bouwkamp's p replaced by p/a.

If

e : e M ol PR PR PRI R U - . e DS, RO U VU SR T
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! then, thanks to the considerations in the previous paragraph and in the
{:Z second paragraph of this section, Bouwkamp's formulas [3, Egqs. (23),
' (38), (39), Table I and Table II] yield
7 = 4(A + B cos 2¢) (162) 1
X 2 ‘1
o vl - R ’ ,~'1‘
Jy = M (163) —rii
where
v R =p/a (164) '1
N
- A= ] A (-jka)" (165) B
¥ n=1 %
.7 k)™ o
B = Z Bn(—Jka) (166) i
n=1 :mj:_-:
where the first six An's are given by 'i:f_:';
-4 + 38" "
Ay = 3 (167a) ‘-:1
Ay =0 (167b) -
2 4
_ 56 - 40R” + SR =
. 4 2 -
" A, = o9r (2 - RY) (1674)
2 o . 22656 + 2608R% - 448R" + 21R° (167e) :
l.' 5 12600 !ﬂ-
- 2 2 4
X Ag = g757 (-296 + 192R™ - 15R ) (167£)
I'.'-: and the first six B_'s are given by )
¢ " d
4 T
p - o
b E
S




e s N R
3
Ej 1 3
! B, = 0
N B = R% (-8 + R%)
: 3 30
' B = - A_El.i
4 9m
o R2(200 - 68R° + 3R%)
5 2520
5 . 2R2(136 - 15%%)
6 6757

As an alternative to (161) - (163), J can be written as

J =

u J
- r

+ u,J

b7
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(168a)

(168b)

(168c)

(168d)

(168e)

(168f)

(169)

where gp and g¢ are the unit vectors in the p and ¢ directions, respec-

tively, and

_ 4(A +B) cos ¢

J
p
T Vl - R2
J = 4(B - A) sin ¢
) 3
Tyl - R2
It is evident from (165) and (166) that
o]
_ i n
A+ B Zl (An + B_) (-jka)
— v - _' n
B-A-= g (B - A (-jka)
n=1

Equations (167) and (168) give

S b g2
Al + B1 = -3 (1 R™)
A2 + B2 =0
_ 4 2 2
A3 + B3 =75 (1 - R -RY)

......

(170)

(171)

(172)

(173)

(174a)

(174b)

(174c¢)

I _JRRIRERRAR




-8 1 -g?
A, *+B, =gr (1-RD)

4 ¥ By

i g o (RO (-664 + 18887 - 9r%)
5 5 3150

A +B =" -rY (148 + 158%)

6 6 6757

and
-2y _ g2
B1 - A1 =3 (2 R7)
B2 - A2 = ()
b A o2 gr> - R
37 %37 45
- _ 8
By ~ A4, T " 9q
B - A = 1328 - 704r% + s4r” - 3R®
5 5 6300
4 2
By - A = gy, (148 - 29R )

For computation, (170) and (171) are rewritten as

Jp = Cpcos ¢

J¢ = C¢sin ¢

where c - 4(A + B)
o

nvl - R2

C¢ _4(B -A)

le - R2

In view of (174) and (175), substitution of the series (172) and (173),

truncated at n = 6, into (178) and (179) gives
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(1744d)
(174e)

(174£)

(175a)
(175b)
(175¢)
(175d)

(175e)

(175¢€)

(176)

(177)

(178)

179)
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Ii where

where

Also,

where

p pl p2 p3 ph p5
C¢ = C¢1 + C¢2 + C¢3 + C¢4 + C¢'5
= Jaka
col 3 So
¢ - b’ - %
n2 45 N
¢ Bt
p3 97 o)
_-ika)> (- 664 + 188R% - or%) ]
o1 3150 0
__ 4ka)®(= 148 + 158%)
03 675m o
¢ - 4V1-®
8] kil
. 2
c _ j2ka(2 - RY) g
¢1 3 "¢
¢ - ita’@s - %+ RY)
62 45 %
4
C _ 8(ka) S

3 91 ¢

cC., = - j(ka)s(-1328 + 704r% - s54r% 4 3R6) S
4 6300
¢ bGa)®-148 + 208%) s
$5 675 o
Sp = - 4
r 1 - &2

J = u C _cos + C,sin
J=uc, ¢ u s ¢

%o

Substitution of (176) and (177) into (169) gives

¢
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(180)

(181) .

(182a)

(182b)

(182¢)

(182d)

(182e)

(183)

(184a)

(184b)

(184c¢)

(184d)

(184e)

(185)

(186)

detogd
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Thus, the electric current J induced on the disk of radius a by the inci- -

dent electric field Emc of (147) is given by (186) where Cp and C¢ are

given by (180) and (181), respectively. 5
".‘: ':?.’
.. The electric charge associated with J of (186) is called q, and is ""1
- L
i given by the equation of continuity [1, Eq. (1)]. In view of [1, Eq. (B-3)], AR
j'.-' substitution of (186) into [1, Eq. (1)} gives X
e :
e ]. 3 a F-J
K = 2 + 2 ]

;! q, S [ap (pCpcos $) 30 (C¢31n $)1] (187) -
o oA
b ¥
F-'_- which reduces to g
B C ar
L .9 3
. q — cos ¢ (188) § i
KRR

- -]
cC = cC +C, +p—=L 189

qa kp ( o ¢ Bo) (189) 1

Thanks to (180)-(185), (189) becomes 3

c =sc.+C_ +C.+C +¢C 190 X

q ql q2 q3 qb q5 (190) -3

where b

"3
C.=25 191 %
ql q (191a) =
2 2 ;

(ka)“ (4 - R7) :

C = S 191b -
q2 3 q ( ) !_ 4

j16 (ka)3 :
Cq3 = - or Sq (191c) ::‘ ::
4 2 4 ¥
_ (ka) (88 - 44R” + 3R ) p
Ca4 180 5q (191d) - 4
d

o - i16(ka)>(=26 + 58%) (191e) ‘

q5 225 q .
where »

s = 2R (192) )

q — -

¥l - R .
R
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! The electric current J induced on the disk is given in terms o"j
of C, and C, by (186). The electric charge q, induced on the disk A ]
: is given in terms of Cq by (188). Now, Cp’ C¢, and C can be cal- %
culated by the computer program listed at the end of this section. 1 j
This program reads input data from a punched card according to %
READ(1,12) N, BK i.' ?
pe
12 FORMAT (I3, E14.7) o
The coefficients Cp’ C¢, and Cq are calculated and printed out at :;}
]
where p is the distance from the center of the disk, a is the radius of i
i” the disk, and N is a positive integer. BK is the dimensionless product _E
& ka where k is the wave number. 5‘
TN
;i The only array in the program is CQ. The minimum allocation '3
B for CQ is given by ;f?
COMPLEX CQ(N) l
;f The program prints out the real part, the imaginary part, and the
=
& magnitude of C  of (180) under the heading "REAL JR TMAG JR MAG JR."
E; The real part, the imaginary part, and the magnitude of C¢ of (181) are !:;
E? printed out under the heading "REAL JP IMAG JP MAG JP." The real part,
E: the imaginary part, and the magnitude of Cq of (190) are printed out
ii under the heading "REAL Q IMAG Q MAG Q." The ith row of numbers printed !
Eﬁi out under any one of these three headings is for
i pla = (i-1)/N
[ i
2
éﬁ.‘ 3
3 )
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The sample input and output data are for the disk of radius
0.002 wavelengths with N = 30. The sample output data for lel are
plotted as the solid curve in [1, Fig. 1]. Similarly, |c¢| is
plotted in [1, Fig. 2], and |cq| is plotted in [1, Fig. 3]. The
solid curves were obtained by drawing straight line segments between
the data at

p/a = 0, 1/30, 2/30, 3/30, ... 29/30

It was possible to extend the curve for ICp[ to the rim of the disk
because |Cp‘ is known vo be zero there.

The function FABS(X) returns the magnitude of the complex
variable X. TIf either of the real and imaginary parts of X is less
than 10—35 in magnitude, then its contribution to the magnitude of X
is omitted in order to avoid a machine underflow.

Inside DO loop 19 in the main program, Cp of (180) is accumu-

lated in CR, C, of (181) is accumulated in CP, and Cq of (190)

¢
is accumulated in CQ(J). The index J of DO loop 19 obtains

n/a = (J-1)/N

In accordance with (164), line 28 puts p/a in R. Line 31 puts Sp of

(183) in SR, line 32 puts S, of (185) in SP, and line 33 puts Sq of

¢

(192) in SQ. Line 34 puts C of (182a) in CR, line 35 puts C of

61
of (191a) in CQUJ). 1f ka < 10729,

pl

(184a) in CP, and line 36 puts qu

nothing is added to CR, CP, and CQ(J) for fear of machine underflows.

-20 . . .
If ka > 10 , lines 40-42 add Lp2’ L¢2, and qu
5

, lines 45-47 add Co

to CR, CP, and CQ(J),

C and C to

-1
respectively. 1If ka > 10 53 Q3

'3!

R il
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CR, CP, and CQ(J). If ka > 107 "2, lines 50-52 add C 4+ and C

, C
p4’ ¢
to CR, CP, and CN(J). If ka > 10710, lines 55-57 add <,

q4
50 C¢5, and Cq5
to CR, CP, and CQ(J). Line 58 puts the magnitude of CR in SR, and line

59 puts the magnitude of CP in SP.

DO loop 17 prints out CQ(J).

PP - At . . . e . . L e

64

b ]

TV

- L.
RPN

Lo

Rt & » Wy
. - L YR
PRI O WY WO 3

WY oY




r-' N v v Laal eadh Jvh Shesii-amt Magil it B Eadl e - R

fﬁoonC
- 002C
- 003 //PGM

1. 006 $J08
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7 009
= 010
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. 01S
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016
:'on
+018
< 019
- 020 12
. 021
- 022 14

025 13

‘."058 11

026 1
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LISTING OF THE COMPUTER PROGRAM THAY CALCULAYES BOuwKAMP®S

POWER SERIES SOLUTION FOR A CIRCULAR DISK
JCB (XXXXeXXXXel1lel)e® MAUTZ,JOE®*sREGION=200K

- 008 // EXEC WATFIV
005//7G0SYSIN DD *

MAUTZ.T IME=1,PAGES=40

FUNCTION FABS(X)
COMPLEX X
R=ABS(REAL(X))
A=ABS(AIMAG(X))
IF{R.LTeleE~3S) R=0.
IF(AJLT1.E-35) A=0.
FABS=SQRT(R*R*+A%A)
RETURN
END
COMFLEX UesCRCP,CC(180)
C=4e/3141593
U=(0esl )
READ(1412) NeBK
FORMAT(I3+.El4.7)
WRITE(3,14) N»BK
FORMAT(®0 N®,6Xe%OK®*/1Xe13sE1447)
D=1e/N
WRITE(3+13)
FORMAT(®*0 REAL JR IMAG JR MAG JR?,6Xe*REAL JP

MAG JP?*)
DO 19 J=]eN
R=(J-1)%0
R2=R*R
S=SART(1.-R2)
SR=C%2S
sSP==-C/S$S
SQ=-SP#*R
CR=1333333*%SR*BK*Y
CP=,06666667%SP%(2,~R2)%8K*Y
CQ({J)=S5Q*2.
IF(EK L. TeleE~20) GO TO 11
BK2=8K*8K
BK3=8K2 #8K
CR=.8888889E-01%SR*(7.-R2) *BK3IS*UHCR
CP=e2222222€E-01*SP*(R2%(R2~-8+) +284 ) *BK3¢UeCP
CA(J)=5S0eBK2%(4,-R2)/3.¢CALJ)
IF(BK .. Tel.E-15) GO TO 11t
EK4=BK3#%8K
CR=42829421*SR*BKA¢CR
CP=,2829421¢SP*BK4a+CP
CA(J)=—e5658£42250%BKI*U+CC(J)
IF(EK«LTeleE~12) GO TC 11
BKS=B8K4 #BK
CR==1¢/3150%SP$((188.~9.%R2)2R2~664,) *EKSEU+CR

CP==1e/6300+2S5P2((({3e%R2~54,)3R2+704.)%R2-1328.)#BKS5xU+CP

CQ(J)=SQ¢BKAS*(R24(I ,*R2~-44.)%88.)/7180.4C0G(J)
IF(BKeL ToaleE-10) GO TC 11

BK6=BKS5¢BK
CR=-,1886231E-02%SR*(15.%R2-148,) ¢B8KG6+CR

CP==~, 1886281E~022SP¢(20.*R2-148.) ¢BK6HCP
CA(J)I=SQ*BKS#.22€3SITE-012(~26.+S<*R2)%UCQ(J)
SR=FAES(CR)

SP=FABS(CP)

WRITE(3+15) CReSReCP,+SP
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. 061 15 FORMAT(1Xs3EL11e492X93E11e48) .
- 062 19 CONTINUE ]
063 WRITE(3,18) 2]
064 18 FORMAT(*0 REAL Q IMAG Q MAG Q°) RE
065 DO 17 J=1eN P
' 066 SG=FABS(CC(J)) T
" 067 WRITE(3,15) CO(J)eSQ '
- 068 17 CCAVINUE
069 sToP
. 070 END
SDAYA T
30 C.1256637E-01 {
$STOP
/%
77 p
PRINTED OUTPUY ;“J
N ex o
30 0.12S5€637E-01 B
REAL JR IMAG JR MAG JR REAL JP IMAG JP MAG JP .
008985E=08 0.2133E-Cl 0.2133E-01 <—0.898SE-08-0.2133E-01 0.2133E-01 e
0e898B0E-08 0+2132E-01 0+2132E-01 =-0.8990E-08-0.2133€-01 0,2133€-01 611
s 0¢8G€ESE-08 002129E-01 0+2129E~01 =0.,900SE-98-0,2132E-01 0.2133E-01 T
- 0.8949E-08 0e2123E-01 042123E-01 =0+9030E-08-0.2134E-01 0.2134£-01 .
o 008905E-08 0e2114F-01 0.2114E-01 —0e¢9066E-08-0+2134E-01 0.2134€E-01
3 00 8859E~C8 042104E—01 0.2104E-01 =—0.9112E-08-0+2134E-01 0,2134E-01 )
- 0. 8803E~08 0.2090E-01 0.2090E-01 =0,9170E-08-0.2134E-01 0.2134E-01 X
is 00 8737€E-08 06207SE—C1 0e20795E-01 —0.9240E-08-0.2134E~-01 0.2134E-01 ®
v 0¢ B660E-08 0 .2056E-01 0420565E=-01 =-0,9322E-08-0.2135E~01 0.213SE-01 =
§ 0.8571E-08 0,203SE~01 0,2035E-01 =0.9419€E-08-0.2136E-01 2.2136E-01 o
| 0.84871E~C8 0+2011E-01 0«2011E-C1 =—0.9530E-08-0.2137E-C1 0.2137E-01 S
. 00 8359E~08 0e198SE=01 0.1985E=-01 =0.9657E-08-0,2139E~01 0+2139€-01 o
. 0e 8235E-08 0.1955E-01 G.1955E-01 —C,9803E~08-0.2142E-01 0.2142E-01 nE
! 0.8097E-08 0e1923E-01 0¢1923E~01 =0.9970E~08-0.2145E-01 0.2145E-01 | B
0¢e7G47E-08 0.1887E-01 0.,1887E-01 =0.1016E-~07-0,2150E~-01 0+.2150E~-01 o
f 0e7781E-08 0o1848E-01 0,1848E=01 =—0.1037E-07-0.2156E—-01 0.2156E-01 R
3 0.7600E-08 0o180SE=01 0+1805E~01 <=0s1062E~-07-0+2163E~-01 0.2163E-01 .
0e 7403E-08 0¢175SBE-01 0e17S8E~01 =0,1090E~07-0.2174E~01 0.,2174E-01 .
g 0e7188E-08 0,1707E-01 0.1707E~01 =0e1123E-07-0.2187E-01 0.2187E-01 B
E 0.6953E-08 0e1651FE-01 0+16S1E~01 =0e1161€E-07-0.2204E-01 0.2204€E-01 !11
i 0+ 6697E-08 0e1590E-01 0+1590E-01 —0.1205E-07-0.2226E-01 0.2226E-01
. 0¢6416E-08 0e1524E-01 0e1S524€E-01 =-0,1258E-07-0,2256E-01 0.2256E-01 ;
” 0.6109E-08 041450E-01 0,14S0E=01 <=0s1322E-07-0.2294E-91 0.2294E-01 K
- 0.5769E—08 0e1370E-01 0+1370E-01 =—0e¢1399E-07-0.2346E-01 0.2346E-01 1
5 0¢5391€E-08 0e1280E-01 0<1280E=-C1 =0.1497E-07-0+2418E~-01 0,2418E-01 N
q 00 4967E-08 Ool179E~-01 0.1179E-01 =061625E-07-0.2520E-01 0+,2520E-01 ®
- 0.4482E-08 0¢1064E-01 0e1064E-01 =0e1B01E=-07-0.2670E-01 0.2670E-01 B
- 00 3G16E=08 069300E=02 5¢9300F~02 —-0.2C61E-07-0.2512E-01 0.2912€E-01 B
X 0e3226E~-08 0¢7659E-02 0.7659E-02 =0,2503E-07-Ce3354E~01 0.3354E-01
. 0.2300E-08 065462E-02 0e58462E-02 —0+3509E-07-0+4440E-01 0.4440€-01
B REAL 0 IMAG Q MAG Q » |
- 0.0000E+00 0.0000E+00 0+0000E+00 1
+ 008494E~01-0.476SE~07 0084S4E-01 B
o 0e1702E¢00-0.9555E~C7 0.1702E+00 1
- 0e¢2SC0E+00~0418437E-06 Ce2560E+00 )
fi 0¢3426E400-001924E~-06 0.3426E400 ]
'Y 0.4305E400-0.2417E-06 0.430SE+00 e
& 0e51S9E4+00~042919E-06 0.5199E+400 ]
[ 1
L e e e e e A n e eam i e i o
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0e6111E400-043431€E-~-06
0¢7046E¢00-043957E-06
08009E+00~0.4497E-06
0¢9004E+00-04505€6E-06
0¢1004E+01-0.5636€E~-06
O0e¢1111E401—0,6241€E-06
001225E401-006876E-06
00 1344E#+01-Ce7545E-06
01870E+01-0.325S€E~06
0e1606E+01-0,9016E-06
06 1751E+01-0.98235E~-06
0.1910E401-0.1072E-05
02084E+01-0,1170E-05
062278E+401—-04127GE~-05
0062496E401-01402E-05
02747E401-041542E-05
0.3041E4+01-0,1708E~-0S
00 3396E401~-0.1907E-05
0¢3839E+01~-0,215€6F-05
0«4324E4C1-0,2484E~-CS5
0.95258E401-062953E-0S
0.6621E+01-0.371EE~05
0e¢G615E+01-0e539GE-05

LT PO S ]

C.6111E+00
07046E+00
0«8009E+00
0.9004E+00
0.1004E401
O«1111E+01
0.1225S€E+01
0.1344E4+01
0«1470E401
Ce1606E+01
0.1751E+01
0.1910E+01
0.2084E+01
0.2278E+01
0+2496E+01
0.2747E+01
03041E¢01
033G6E+01
0.3839€E+4+01
C«4424E+01
Ce5258E¢01
0 «.6621E401
0.961SE+01
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THE MIE SERIES SOLUTION FOR A SPHERE

_u The known solutions for the electric current and electric charge

A [1, Figs. 4, 5, and 6].

obtained from the Mie series solution [4, Eq.

on a conducting sphere excited by an incident plane wave are plotted in

The known solution for the electric current was

(6-103)]. Actually, [4,

Eq. (6-103)] had to be modified so as to be valid for the incident plane

wave [1, Eq. (110)] which travels in the negative z direction rather than

' for the incident plane wave [4, Eq.

z direction.

tinuity.

a lated by means of a computer program.

of this section.

and if P

becomes

where

where

In (193), Yg and

tively.

(cos ©) is replaced by —P

i m mlm e A B e e B S el de e A

(6-96)] which travels in the positive

The electric charge was obtained via the equation of con-

The foregoing electric current and electric charge were calcu-

This program is listed at the end

If E is set equal to n, if Pl(cos 0) is replaced by —Pi(cos 8),

(cos 0), then [4, Eq. (6-103)]

3ee,9) = J (8) cos ¢ + u,J (0) sin ¢ (193)

¢

P (cos 9) Pl(cos 0)
+ ) (194)

sin 6 ﬁiz)(ka)

A 1 T
3@ =7— ) a (
0 n=1 M ﬁﬁz) (ka)

d
de

Hﬁz)(ka)

—jPi(cos 0) P (cos 8)

(195)

[
~~
D
N
I
I o~18
[+}]
-~

sin 6 ﬁﬁz)'(ka)

i M (2n+1)

n " TnotD) (196)

g¢ are the unit vectors in the 6 and ¢ directions, respec-

As given by (193), i(0,¢) is the electric current on the conducting

PPN l'; PSR P oY

e e

L ‘,"-A‘-. T o
< N AR P

- oy - -
USRS
[P PO

e
TR G PP

e




YV Y VEVCTTV N IYY
PR

TN ety

L 4

L
- .

=

Bl 19 JARTMEM A

69 L 4

sphere of radius a centered at the origin and excited by the plane wave

whose electric field is E}nc given by i;d
N s -
E1nc =une jkz (197) ;;j

1]
It was necessary to replace Pi by -Pi and Pi

by -PL  in [4, Eq. (6-103)]
because the Pi used in the present report is taken to be the negative of
the Pi used in [4]. The Pi used in the present report is that which is
calculated in [5]. The right-hand sides of (194) and (195) coincide with the
right-hand sides of [5, Egs. (2) and (3)].

The electric charge associated with the electric current (193) is
called ae(6,¢). As calculated from {1, Eq. (1)] with VS- given by

[l, Eq. (B"3)],

§,(8,0) = qi?) cos ¢ (198)
where
P -3 (4 3 . -
4(0) = o3 5ins Go (sin 0 Jg(8)) + 3, (6)) (199) :
Substitution of (194) and (195) into (199) produces iﬁﬁ
o a Pl(cos 0) ;Lé
~ 1 n 1 d d 1 n e
q(e) = ) - —(sin 6+ P (cos 8) + (200) T
(ka)2 el ﬁﬁz)'(ka) sin 6d9 dg n sin26 o
Thanks to the associated Legendre equation [4, Eq. (E-1)] !t%
1 d .1 1 1 S
sin ® é%‘(sin eaé-Pn(cos 8)) + [n(n+l) - ) ] Pn(cos 8) =0 (201) j_;@
sin’ 6 o
expression (200) reduces to .‘
1 .
1 o ann(n+1)Pn(cos 8) o
(ka)” n=1 ﬁn (ka) R
>
-
-,.1
l. i
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So far, it has been established that the incident plane wave (197),

which travels inthe positive z direction, induces the electric current (193)
and the electric charge (198) on the sphere. However, the objective is to

find the electric current and the electric charge induced on the sphere by 7

6*4
an incident plane wave that travels in the negative z direction. j
If the situation in which the electric current (193) exists on the é
sphere excited by the incident electric field (197) is rotated 180° about i;
the x axis, then the resulting situation is that of the electric current i}j
induced on the sphere excited by the incident plane wave whose electric field E;ij
is Einc given by :523
E p
e L (203) =

& u, .
This plane wave travels in the negative z direction and coincides with :éﬁ
(1, Eq. (110)]. Therefore, the electric current J induced on the sphere i‘?z
in [1] is Q_of (193) rotated 180° about the x axis. -l:

Substitution of

Ug = u cos B cos ¢ + Eycos 0 sin ¢ - EZSi“ 6 (204) ?:i?
g¢ = - gxsin ¢ + gyc?s ¢ (205) i ?
into (193) gives ‘fj
Q(e,¢) = (gxcos B cos ¢ + Eycos f sin ¢ - EZSi“ 0) 36(6) cos ¢ ::ié
A
+ (-u_sin ¢ + u _cos ¢) 3 (6) sin ¢ (206) !-
X -y ¢ S
Expression (206) is more suitable than (193) for 180° rotation about the s

x axis. A 180° rotation about the x axis amounts to replacement of x ;‘

by itself, replacement of y by -y, and replacement of z by -z. This is

written as

. ~

. - - . 0
RS t. " N A 3 . . PR PU P U G WP UL WD SR NN S L G G DGy s S S|
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X > X
y > -y (207)
z > -z
Now, (207) is equivalent to
g >m - 67
( (208)
6>-0
When rotated 180° about the x axis, u remains unchanged, Ey changes to
—Ey’ and u, changes to -u . It is now evident that J(8,¢) of (206) can
be rotated 180° about the x axis by taking the value of 2(6,¢) with the
signs of its y and z components changed and placing this value not at
(6,9) but at (n-6, -¢). Hence, if the result of 180° rotation of Qje,¢)
~ about the x axis is called J(6,¢), then
J(m-8, -¢) = (gxcosecos¢-_t_1yc05951n¢+ Ezsin 0) Je(e) cos ¢
+ (-gxsin(p— gycos $) 3¢(6) sin ¢ (209)
Replacement of § by 7-6 and ¢ by -¢ in the arguments of J, 36’ 3¢, the
sines, and the cosines in (209) yields
J(6,9) = - (g_xcosecos¢)+ gycosesincb-gzsm 9) Je('n-e) cos ¢
+ (-gxsin(b+ gycos ¢) 3¢(W—9) sin ¢ (210)
Now, (204) and (205) reduce (210) to
3(8,8) = - ugJg(m-0) cos ¢ + _\1_¢3¢(1T—9) sin ¢ (211)

The electric charge associated with the electric current (211) is
called qe(6,¢). As calculated from [1, Eq. (1)} with VS- given by

(1, Eq. (B-3)],
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4, (6,0) = =2 cog (212)

where §(8) is given by (199) which was previously reduced to (202).

.
-
'

According to the development (203)-(212), the incident plane wave
(203), which travels in the negative z direction, induces the electric
current (211) and the electric charge (212) on the sphere. The computer
program listed at the end of this section calculates the functions 36(6),
3¢(6), and q(8) that appear in (211) and (212). Of course, these functions
also appear in expressions (193) and (198) for the electric current and
electric charge induced on the sphere by the incident plane wave (197), which
travels in the positive z direction.

The computer program listed at the end of this section contains the

subroutines BES, LEG and CURNTC. The subroutines BES and LEG are exactly

the same as in [5] and are described in detail there.

The subroutine CURNTC(X, NT, CUR, Q) puts 36(9) of (194) for 0 =

r et Y el

(K-1)7/(NT-1) in CUR(K) for K=1,2,...NT. Similarly, CURNTC puts J,(6) of (195)

)
in CUR(NT+1) through CUR(2*NT) and q(8) of (202) in Q(1) through Q(NT).

The value of ka in (194), (195), and (202) is equal to X. The arguments

Q.l'l“ l"

o'
.

X and NT are input arguments and the arguments CUR and Q are output argu-
ments. The subroutine CURNTC calls the subroutines BES and LEG. Minimum

allocations in the subroutine CURNTC are given by

COMPLEX CUR(2%NT), Q(NT), H(N), HP(N), HQ(N)
DIMENSION BJ(2*%N+1), BJP(2*%N+1), BY(N+1), BYP(N+1)
where
N = MIN(5.4+4.*X, 29.) (213)

Here, MIN denotes minimum value.
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The subroutine CURNTC(X, NT, CUR, Q) was created by appending Q
to the list of arguments of the subroutine CURNTC(X, NT, CUR) listed in
[5, p. 11] and calculating Q by means of (202). For the calculations, the
®© N

Z in (194), (195), and (202) was replaced by Z where N is given by (213).
=1 n=1

In the subroutine CURNTC, statement 14 puts the spherical Bessel
function of the first kind jn(ka) in BJ(n+1), j;(ka) in BJP(n+l), the
spherical Bessel function of the second kind yn(ka) in BY(n+1), and
y;(ka) in BYP(n+l) for n = 0, 1,2,...N. The functions ﬁsz)(ka) and ﬁﬁz)'(ka)
in (194), (195), and (202) are given in terms of the spherical Bessel func-

tions and their derivatives by

A (ka) = ka(3_(ka) - jy(ka)) (214)
A (ka) = kai! () + 3_(ka) ~ 3(ka y)(ka) + y_(ka)) (215)
a

DO loop 11 puts in B{.) for n = J. Furthermore, DO loop 11

o
ka ﬁéz)(ka)

ja a_n(n+l)
in HP(J) and

puts in HQ(J). The index K

n
ka ﬁr(lz) ' (ka) (ka)?2 ﬁr(lz) " (ka)

of DO loop 12 obtains 0 according to 6 = (K-1)T/(NT-1). Statement 15 puts
Pi(cos 8) in BJ(N+1l+n) and é%-Pi(cos 0) in BJP(N+1l+n) for n = 1,2,...N.
DO loop 13 accumulates J,(8) of (194), J,(8) of (195), and §(8) of (202)
in G1, G2, and G3, respectively.
The main program reads input data from a punched card according
to
RFAD(1,23) NT, XC

23 FORMAT (I3, Fl14.7)
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For ka = XC, the main program prints out the quantities 36(8) of (194),

3¢(e) of (195), and 4(8) of (202) at

6 = (i-1)7/(NT-1), i =1,2,...NT (216)

where NT is a positive integer and NT > 1. The main program requires the

subroutines CURNTC, BES, and LEG. Minimum allocations in the main program

are given by

COMPLEX CUR(2*NT), Q(NT)

The main program prints out the real part and the imaginary part
of 36(6) under the heading "REAL JT IMAG JT." The real and imaginary

parts of J (0) are printed out under the heading "REAL JP IMAG JP." The

¢
magnitude of 36(9) is printed out under the heading '"MAG JT.'" The magni-
tude of j¢(6) is printed out under the heading ''MAG JP." Down farther,
the real part, the imaginary part, and the magnitude of §(8) are printed
out under the heading "REAL Q IMAG Q MAG Q." The ith row of numbers

printed out under any one of these headings is for 6 given by (216). The

sample input and output data are for the sphere of radius 0.002 wavelengths

with NT = 31. The sample output data for ]3O(G)| are plotted as the solid

curve in (1, Fig. 4]. The solid curve was obtained by drawing straight line

segments between the data at the values of 6 given by (216). Actually,
|36(0)| was plotted at t = 0 in [1, Fig. 4], and !3e(ﬂ)| was plotted at
t = na in (1, Fig. 4]. However t = 0 corresponds to § = 7, and t = Ta

corresponds to § = 0 so that the solid curve in [1, Fig. 4] is really a

plot of |39(n-e) . This is in harmony with expression (211) for the
electric current on the sphere excited, as in [1, Fig. 4], by the incident

plane wave (203), which travels in the negative z direction. Similarly,
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the sample output data for f3¢(n-0)| are plotted as the solid curve in
[1, Fig. 5], and the sample output data for |G(m-8)| are plotted as the
solid curve in [1, Fig. 6].

If ka < 0.001, then the subroutine CURNTC can not be used to
calculate 36(6), 3¢(6), and q(6) because the subroutine BES called by it
does not calculate any of the functions j;(ka), yn(ka) and yé(ka) whenever
ka < 0.001. 1If ka is small, then the spherical Bessel functions jn(ka)

and yn(ka) can be approximated by [6, Eqs. (10.1.4) and (10.1.5)]

' . _ (ka)n
Ik = 75375 T (217)
y Gy = T3:5: 00D (218

(ka)n+l

~(2)

Therefore, when ka is small, Hn (ka) of (214) and ﬁ(z)

n '(ka) of (215)

can be approximated by

8@ (a) = j(1-3'5..6(2n-1)) (219)

n (ka)

~(2)" _ —jn(1:3-5...(2n-1))

7 (ka) = AL s} n (220)
(ka)

When ka is small, it suffices to retain only the term for which n =1
in each of the infinite series on the right-hand sides of (194), (195),
and (202). The required Pi(cos 6), being the negative of the Pi(cos 0)

defined by [4, Eq. (E-17)], is given by

P:]l'(cos 8) = Y1 - cos?s = sin (221)

In view of (219), (220), and (221), retention of only the term for which

n = 1 in each of the infinite series on the right-hand sides of (194),

(195), and (202) gives
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Jg(8) = -1.5 (222)
3¢(e) = 1.5 cos 6 (223)
4(0) = 3 sin 0 (224)

If ka < 0.001, then the branch statement on line 198 in the main

program causes DO loop 16 to be executed. The index J of DO loop 16
obtains 6 = (J-1)m/(NT-1). 1Inside DO loop 16, 36(8) of (222) is put in
CUR(J), 3¢(e) of (223) is put in CUR(J+NT), and §(8) of (224) is put in
Q).

If ka > 0.001, then the branch statement on line 198 causes
statement 15 to be executed. For the NT values of O given by (216),

statement 15 puts 36(6) of «(194) in CUR(1) through CUR(NT), J, (8) of

¢
(195) in CUR(NT+1) through CUR(2%NT), and q(8) of (202) in Q(1) through
Q(NT). DO loop 10 prints out 36(6) and 3¢(6). DO loop 13 prints

out §(8).
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LISTING OF THE COMPUTER PRCGRAM FOR THE MIE SERIES SOLUTION

FOR A SPHERE

7 004 7/ EXEC WAYFIV
005 //GO-SYSIN DD *
- 006 $J08B

. 007 €
- 008C
~. 009
" 010
o11
- 012
- 013
018
018
- 016
Yor7
- 018
. 019
-~ 020
. 021
F 022
023
. 026
025
% 026
11027
- 028
029
. 030
" 031
. 032
.- 033
-~ 038
% 035
- 036
. 037
038
- 039
< 040
- 041
. 082
. 043
. 044
- 08S
" 046
!onv
oas
- 049
~ 050
- 051
”.052
.-083
. 0S8
.. 085
. 056
. 087
g 058
— 059
‘060

TIVSY

é

12

14

11

193

164

MAUTZ o TIME=1PAGES=40

LISTING OF THE SUERQUTINE BES

SUBROUT INE BES(L +LDeIDeNJeXJeBJIBIPL,BY.EYP)
DIMENSION BJIS0) +BUP(50)+8Y{S50)sBYP(S0)+BS(S50)

Li=(L-1)¢®NJ
L3=(LD~-1)%N)
IF(XJ=1€E~3) 33,4
Ji=L1+1

J2=L1¢NJ

DO S J=Jd1+42

8JCJ)=0.

CONTINUVE

BJ(J1)=1.

RETURN

SN=SIN(XJ)

CS=C0S{( xJ)

IF{XJ-15e) 1191212
BJ(L1+1)=SN/XJ
BJ(L1+2)=(BJIL14+1)=-CSI/XI
DO 14 I=3sNJ

13=L1¢1l

12=13~-1

I11=13=-2
BJ(I3)=FLOAT(2*1-3)/XJ3¢83(12)-BJ(11)
CONTINUE
B3=FLOAT(2%NJ-1)/XJ%BI(I3)-BJI(12)
GO 10 1S

NBJ=XJ#22¢

IF(NBJeLE«NJ) NBJ=NJI+1
BS(NBJ)=0e
BSINBJ—=1)=1.E-S0
NBJ2=NBJ-2

00 193 I=1eNBJ2

I12=NBJ~1

13=12+¢1

11=12~-1
FI=SFLOAT(2%1¢1)/XJ
BS(11)=BS(12)*F1-8S(13)
CONTINUE

BiI=SN/XJ

B82=81/XJ-CS/XJ
IF(ABS{BL1)-ABS(B2))1,2.2
8e=ets/B8s(1)

GO T0 9

B88=p82/85(2)

00 194 I=1eNJ

I11=L141

8J(11)=8S(1)*68

CCNTINVE

B3=8S(NJ¢+1) %86
8Y(L1+1)==-CS/XJ
BY(L1+2)=(BY(L1#1)-SN)/XJ
DO 64 ([=3,NJ

13=L1¢l

e
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2=13-1

1=13-2
rCI3I=FLOAT(2%1-3)/XJ¢BY(12)-BY(I1)
SNTINUE
MW=FLOAT(2%NU-1)/XJ*BY(13)-BY(12)
S{IDeEQe2) RETURN

J1=NJ=-1

1=L3¢1

2=L 142

1P(I1)=-83(J2)

rP(J1)=-BY(J2)

) 65 J=2.NJ1

2=1L3+J

I1=L14J—-1

3I=J1+42

J=2%(2%9-1)
JIPLIU2)=6eS53(BI(J1)-8BU€CI3))-LBI(I1)+BI(JI3)II/FI
rP(JI2)=e5%(BY(J1)=-BY(JU3))-(BY(J1)¢8BY(J3)I/FJ
INTINVE

1I=FJ44,

2=J2+1}

=J1 +1
IP(J2)=e5%(8BI(J1)-B3)-(BJI(J1)+R3)/FJ
rP(J2)=e5*(BY(J1)-B4)—-(BY(J1)¢Ba)I/FJ
ITURN

D

[ISTING OFf THE SUBROUTINE LESG
JBROUTINE LEG(L +LO+IDsNJs Ne XPsPoPP)
IMENSICGN PC(8)+P{5S9) +PP(59).PS(S50)
{1)=1.

I=Me1

1 7 J=1eM]
t(Je1)=PCLI)RFLCAT(22I~-1)
INTINUE

I=MENYS-ME(M=-1)/2

'=(L=-1)%LS

=(LC-1) LS

’ZABS( 1es=XPEXP)

=SQRT(X2)

] 3 J=1.M1

=L240 J~-1)8NJ=(J=-2)%(J-1D)/2
I=1e

‘CJeNEWl) XIA=X180( -1}
i(1)=PC(JI)*X3
i(2)=PClJ+1)eXP$X]

(JeEQeMl) GO TC 145
M2¢1)=PS(1)

M2¢2)=PS(2)

II=NJ=J¢1

I 4 [=3JeNJ1

=[=-2

zf-1

78

(1)=2.¢XP*PS{12)-PS(11)+FLOAT(2%J=3)/FLCAT(I2) & (XP*PS(I2)-PS(11)

(JeEGQGM1) GO TC &
zm2ed

J20=PS(I)

~TINUVE

Nl I NVUE
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14

16

15
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IF(IDEQe2) RETURN

DO S J=1loM

M2=La ¢l J=-1 NI~ J=-2)%{J~1)/2
M3=M2+L 2-L 4

NJI=NJ=-J+]

DC 6 [=2+NJ1

J2=M2¢1

JEI=NI+[=-NIt I~}

JI=MI I ¢NJI=J
IF(JeNEesleANDsJeNEeM) GO TO 8
IF(JeNEel) GO TO 12
PP(J2)==P(J3)

GO TO 6
PP(J2)=oSHIFLOAT(IX(2%3¢1I-3) )P I1)-PS(I~-1))
Gg YC 6
PP(J2)=S*(FLOAT(IX(2%0¢1-3))%P(J1)-P(43))
CONTINUE

J2=M2+1

JI=M3=NJ+J

IF(JeNE.1l) GO TO 13

PP(J2)=0.

GGC YO S
PP{J2)=+S*FLOAT(2%J=-2)%P(JI1)
CAONTINUE

RETURN

END

LISTING OF THE SUBROUTINE CURNTS

THE SUBROUTINE CURNTC CALLS ~'E SUBRAQUYINES BES AND LEG
SUBROUT INE CURNTC{(XsNT4CUR,Q)

COMPLEX CUR(146) ¢Q(73)eUeG1lvG29G3eGAsHI2G)eHP(29),MQ(29)
DIMENSION HJ(59) +8JP(59),BY(50),8YP(50)
N=MINL(Se+0%X2S.)

NP=N+1

CALL BES(14101eNPXsBJsBIPBYBYP)
U=(0eele)

Gl=1e.

DO 11 J=1eN

Gil1=-Gi*U

G3=FLOAT(2%2J+1)/X¢GlI

Ji=Jel

G2=1/FLOAT(J*J1)¢G3
Ga=1.,7(%X*$BJIP(J1)+BILI1)-Us(XsBYP(JL1)#BY(JI1)))
H(J)=G2/(x*(BJ(J1)-UxBY(J1)))
HP(J)=Ga*»G2%y

HC(J)=G4/X¢G3

CONTINUE

DT=3.141563/(NT—-1)

DC 12 K=]1¢NT

2=C0S{(K=-1)#0T)

IF(ABS(2)eGEele) Z=SIGN(299998+2)
SN=16/SCRT(1.,-2%2)

CALL LEG(1ls1:1¢NP32+2¢8Je8JP)

G1=0.

G2=0.

G3=0.

00 13 J=1eN

Ji1=NP+ Y

S8=SN*BJ(J1)

GI1=G1+BJP(J1)*HP () eSB*H( )

e A et - 3 : )
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G2=G2~-SB*HP(J)-BJIP(I1)IEH( J) -
G3I=G3+HG(JI*EYC(IL)
13 CONTINUE
CUR(K )=G1
CUR(KeNT )I=G2
Q(kK)=G3
12 CONTINUE
RETURN
END

N

Ky

D AR

-y,

LISTING OF THE MAIN PROGRAM
THE SUBROUTINES CURNTCes BESe AND LEG ARE REQUIRED
COMPLEX CUR(292)+0(146),C2
READ(1+23) NT4XC

23 FCRMAT(I13,E14.7)

WRITE(3424) NVeXC

24 FCRMAT(®* NT?,6Xe*°XC'/1Xe130E14e7)
IF(XC-1.E-3) 14,14415

14 DY=3.141593/(NT~1)

DO 16 J=1eNT

TH=(J-1 )*DT
CUR(J)I==1,.5
CUR(J+NT)=1.5%COS(TH)
Q(J)=3.*SIN(TH)

16 CCNTINUE
GG T0 17

15 CALL CURNTC(XC,NT+CUR.Q)

17 WRITE(3,27) n

27 FORMAT(*0 REAL JTV IMAG JT REAL JP INAG JP MAG JT f

IMAG JP°*)
DO 10 J=1,eNT ,
P1=CABS(CUR(J)) e
C2=CUR( J4NT) o
P2=CABS(C2) L
WRITE(3e11) CUR(J)eC2,P1,P2

11 FORMAT(1X,6E11.4)

10 CONTINUE
ARITE(3,12)

12 FORMAT(*0 REAL Q IMAG Q MAG Q°) S
DO 13 J=1,NT .?3
P1=CABS(Q(J)) - -
WRITE(3.11) G(J),.PI

13 CONTINUE
sTOP
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REAL JT IMAG JT REAL JP IMAG JP MAG JT MAG JP
=0e1500E¢01 0e29327E-01 0¢1500E¢01-042932E-01 0.1590E¢01 0.1500E401
=0e 1S00E401L 0e291€E~C1 014S2E+01-0.2909E~01 0.1500E+01 0.1492E+01 »
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0«1370E4+01-0.,2586E-01
0e1299E401-0+2409E-01
0+1213€401-0.2209E-91
0e111S€£¢01-0,1994E~01
O0+10048E+01-0.1776E-01
C«8816E400-0,1561E-01
0¢1466E-01 0.7499E+4+00-0.1361E-01
01193E-01 0.6101E400-0+1184E-01
0e9060E~-02 0,463SE+400-0,i038E~01
=06 15S00E401 0,6096E-02 Coe3118E+00-0,9284E-02
-0+1500E+01 0+3064E5E-02 0e1S68E+00-0.8608BE-02
~0e1500E#01-0e9828E-06 0+44S9E~06-0,8379E-92
=0e1500E#01~Ce3066E-02-0,1568E400-0.8608E~-02
~0e 1SC0E+01—-066098E-02-Ce3118E+00-0.9285E-02
~0e1S500E¢01-0.9062E~-02~0+4635E4+00~-0,1038E-01
=0s1500E401-061193E-01~-Ce61C1E¢00~-01184E-01
~0e1500E401-0e1466E-01-07499E4+00-01362E-01
=001500E+01-0¢1724E~-01-0,8816FE4+00-0,1562E~01
=00 1S00E+91-001962E-01~-0+1004E+01-041776E-01
—0s1500E401—-0e2179E-01-01115E+01-0+1995E-01
-0+ 1500E+01-042372E-01-0.1213E+01-02209E~-01
=00 1S00E+01~0e2540E-01-0+s1299E+01-0+2809€E-01
«0e15S00E¢01~0e2679E-01-01370E+01-0,2586E-01
~0e1S00E¢01~-0.2789E-01-041426E+01-062732E-01
=0+ 1S00E+C1-0+286BE-01-041467E¢+01-0.2842E~01
~0e1S500E+01~2e2916E~-01-241492E+01-0,2909€E-01
—0e1500E401—-0¢2932E~01-041S00E+01-0+2932€E-01

02679E-01
0.2539€E-01
02372E-01
0.2179E-01
0.1962E-01
J-1723E-01

-0+ 1S00E+01}
-0+15CO0E+ 01
-~0.1S00E+01
=041500E+¢01
-0.1500E+01
=-01500E#01
—0e 1S00E +01
=0.1500€+01
~0e 1S00E#+01

REAL Q IMAG Q
0.1899F~01-0,1988E~-03
Oe 3136E+00~063256E-02
066238E+400-2.,639CE-02
069271 E¢00-0,9234E~-02
0,1220€+401-01167E-01
0,1500E+01-0.1361€£-01
Oel1763E+01~061494E-01
0.2008E801-0,1562E-01
0¢2230E401-0e1562E-01
0e¢2427E¢01~-041494€-01
0,2598E401-0,1361E-91
0s2741E401~-C1168E-01
0.2853E+01-0.5237€-02
0¢2935E401-0.6393€E~-02
0+298B4E+01-063270E-02
0e3CO00E+01-063979E~-CS
0¢2984E+01 0,3262E-02
062935E#01 046385€-02
0¢2853E4¢01 06922SE-02
042741E¢01 0.1167E-01
0.2568E+01 0,1360E-01
002427FE4+01 041494E-01
002230E+401 0.1562E-01
02008E+01 0.1562E-01
0e17263E401 0.1494E-~01
0«1500E¢01 0.1360E-01
0e1220E+401 0.1167€E-01
0.9271E+00 0.9232F-02
0.6238E400 0.6388E-02
0+3136E400 043265€~-02
0e 1C36E~-02 0+10B8BSE-C4

P R ST SR P . .

MAG @
0.1899€-01
0.3136E+00

0.6238€+00

0.9271€£+400
Q«1220E+01
0.15C0E#+O1
0.1764E401
0.2008€E401
0.2230€E+01
0.2427€+401
0.25G68E+01
0.2741E401
0.28S5S3E401

0,2935€E+01

0+2984E¢01
0« 3000E¢Q1L
0+2984E+01

0+2935E+01

0«2853E+01

C.2741E4+01

0.2598E+01

0.2427E+4+01
0.2230E4+01
0+2008E+01
0.17€AE+01
0.1500E+01
0+1220E+01
0«9271E400
0+623BE+00
0.3136E+400
0«1036E-02

0.1509%€¢01
0«1500E+01
01500E+#01
0.1500E+01
0«1S00E+401
0.1500E+01
0«1500E¢01
0.1500E+01
Ce1500E¢01
0«.1500E+01
0.1500E+401
0.1500E+01
0«1500E+01
0«1500E+401
0.15S00E+01
0«1S00E+01
Ce1500E+01
01500E401
0«1S00E+01}
0.1500E+401
0«1S00E+Q1
0e1500E+#+01
0.1500E¢01
0«.1500E+401
0.1S00E+Q1
C«1500E+401
0015S00E¢01

0.1370E¢01
0.1299E¢01
0«1214E+401
0+111SE+01
0+1004E401
0.8817E+00
0.7S01E+00
0«6102E400
0+4636€E+00
0+3120E+00
0.1570E400
0.8379E-02
01570400
0+3120E400
0.4636E+00
0.6102E+00
C+7S01E400
0.8817E+00
0.1004E201
0.1115E+01

Oe«1214E401
0.1299E401

0.1370E¢01

O0«1427E401

0+.1467€E401Y

0.1492€E+401

01500E+01
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